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Propagation of waves in porous media 
M. YAVUZ CORAPCIOGLU and KAGAN TUNCAY 
Abstract 
Wave propagation in porous media is of interest in various diversified areas of science and engineer­
ing. The theory of the phenomenon has been studied extensively in soil mechanics, seismology, 
acoustics, earthquake engineering, ocean engineering, geophysics, and many other disciplines. This 
review presents a general survey of the Hterature within the context of porous media mechanics. 
Following a review of the Biot's theory of wave propagation in Unear, elastic, fluid saturated porous 
media which has been the basis of many analyses, we present various analytical and numerical solutions 
obtained by several researchers. Biot found that there are two dilatational waves and one rotational 
wave in a saturated porous medium. It has been noted that the second kind of dilatational wave is 
highly attenuated and is associated with a diffusion type process. The influence of couphng between 
two phases has a decreasing effect on the first kind wave and an increasing effect on the second wave. 
Procedures to predict the hquefaction of soils due to earthquakes have been reviewed in detail. 
Extension of Biot's theory to unsaturated soils has been discussed, and it was noted that, in general, 
equations developed for saturated media were employed for unsaturated media by replacing the 
density and compressibility terms with modified values for a water-air mixture. Various approaches to 
determine the permeabihty of porous media from attenuation of dilatational waves have been described 
in detail. Since the prediction of acoustic wave speeds and attenuations in marine sediments has been 
extensively studied in geophysics, these studies have been reviewed along with the studies on dissipation 
of water waves at ocean bottoms. The mixture theory which has been employed by various researchers 
in continuum mechanics is also discussed within the context of this review. Then, we present an 
alternative approach to obtain governing equations of wave propagation in porous media from macro­
scopic balance equations. Finally, we present an analysis of wave propagation in fractured porous 
media saturated by two immiscible fluids. 
1. Introduction 
The dynamic response of porous media is of interest in various areas of engin­
eering and physics. Underground nuclear explosions generate shock waves propa­
gating through the porous medium surrounding the blast. Liquefaction of saturated 
sands due to dynamic loads has been studied extensively in earthquake engineer-
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ing. Attenuation of waves in geologic formations is of importance in seismic 
studies at very low frequencies (1-100 Hz). On the other hand, full-wave acoustic 
logging requires a much higher frequency range, almost up to 100 KHz. Elastic 
wave propagation in wet paper layers or the articulating cartilage is modeled as 
dynamic loads moving with a velocity across a poroelastic layer. Propagation of 
tidal fluctuations through groundwater aquifers or wave induced pressure 
fluctuations at ocean bottoms are other examples of wave propagation in porous 
media. Although liquid saturated materials attenuate waves gradually, dry porous 
materials exhibit pore crushing and pore collapse. Shock-wave compaction of 
porous metals has received considerable attention in mechanical engineering. 
Furthermore, due to their energy absorption characteristics, dry porous substances 
such as elastomeric foam are used as shock attenuators for commercial packaging 
purposes. Finally, one can note the soil-structure interaction due to pile driving, 
rotary machines, and moving heavy traffic in geotechnical engineering as examples 
of wave propagation in porous materials. 
As seen in this brief listing of areas where the response of porous materials to 
dynamic loads plays a role, the study of wave propagation in porous media would 
cover a large number of disciplines. However, the conservation of mass and 
momentum principles form the basis of an analysis of problems arising in many 
diversified fields. In this theory, the deformable porous medium is viewed as a 
continuum consisting of a soUd phase (either compressible or incompressible) and 
one or more fluids (gases and hquids). The soHd phase constitutes the sohd matrix 
with interconnected void space filled by fluids. These relations are introduced into 
the conservation of hnear momentum and sohd and fluid mass balance equations. 
Elastic constants of the constitutive relations are either obtained experimentally 
(e.g., Biot and WiUis, 1957) or determined theoretically employing a theory such 
as that used by Duffy and Mindlin (1957). In this study, the governing equations 
of the phenomenon will be presented at a macroscopic level. That is, they are 
obtained by averaging the microscopic equations which are vahd at a point within 
an individual phase present in the system over a representative elementary volume 
(REV) of the porous medium. 
An alternative to continuum approach is the "distinct element" approach which 
treats the granular medium as an assemblage of individual particles with a particu­
lar geometry (circular disks, spheres, etc.). This approach employs Newtonian 
rigid body mechanics to simulate the translational and rotational motion of each 
element under dynamic loading. Dynamic photoelastic experiments provide ex­
perimental information (Sadd et al., 1989; Shukla and Zhu, 1988). This type of 
modehng effort started with lida (1939) and included researchers like Gassman 
(1951), Brandt (1955), Duffy and Mindlin (1957), Goodman and Cowin (1972), 
Nunziato et al. (1978), Schwartz (1984), Sadd and Hossain (1989), and Chang et 
al. (1992) among many others. Since it is beyond the scope of this research, 
distinct element approach will not be covered in this review. The reader is referred 
to any one of these references for a more detailed treatment of the subject. 
Therefore, it is the purpose of this review to present various continuum 
approach methodologies to formulate the wave propagation in porous media in 
different fields of interest. We will try to achieve this in such a way that the reader 
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unfamiliar with the subject can follow the material within the context of porous 
media mechanics. 
2. Biot's theory 
Although the wave propagation in porous media has been studied quite some 
time, Biot's (1956a, b) work on wave propagation appears to be the first one 
employing the fundamentals of porous media mechanics. In addition to his 
dynamic theory, Biot (1941) also presented a quasi-static theory for elastic porous 
solids saturated with a fluid. Biot's work dominated the field over three decades, 
and influenced the direction of future research more than any other person who 
ever worked in this area. Not only the work pubUshed in the Western literature, 
but also research conducted by Russian researchers was affected by Biot's theory. 
For a review of Russian Hterature, we refer the reader to Nikolaevskij (1990). To 
do justice to this most significant work, we will start our review by presenting the 
Biot's formulation. 
2.1. Stress-strain relationships for a fluid saturated elastic porous medium 
The deformation of a porous medium can be related to the average displacement 
fields by using the theory of infinitesimal strain, i.e., the second and higher order 
displacement derivatives are neglected. Introducing the fundamental notation, the 
components of strain tensor of the soHd matrix are 
^dU^ ^dUy_ ^dU^ 
dx dy dz 
du^ dUy du^ du^ dUy du^ 
yxy = -—-^—-, 7^ z = ^—+ ^—, yyz = -—-^-— (2.2) 
dy dx dx dz dz dy 
The dilatation, €, is expressed in terms of displacement vector, «, as 
e = VM (2.3) 
The components of the rotation vector, (o, are expressed as 
Udj^_d_Uy\ UdU^^duA l/d_Uy_d_uA 
2\dy dz) 2\dz dx) 2\dx dy) 
and the rotation co of the solid is given by 
ai = -Vjcii (2.5) 
2 
if 6> = 0, the strain is irrotational. Similarly, the components (7 ,^ Uy, and Uz of 
the fluid displacement vector U are related to the dilatation of the fluid 
CTxx 
dyy 
(^zz 
'^xy 
Txz 
= 2N€^^ + A€+Qe 
= INeyy + Ae+ Qe 
= 2Ne^^ +Ae+Qe 
= Nyxy 
= Ny,, 
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e = V,U (2.6) 
Similarly, the rotation in the fluid is given by 
il = -VxU (2.7) 
2 ^ ^ 
It should be pointed out that this expression is not the actual strain in the fluid 
but simply the divergence of the fluid displacement which itself is derived from 
the average volume flow through the pores. 
Following Biot (1956a), we assume that the soHd skeleton of the porous medium 
is isotropic and for the relatively small deviations it is perfectly elastic. For such 
a soUd matrix, the stress-strain relationships are expressed by 
(2.8) 
(2.9) 
(2.10) 
(2.11) 
(2.12) 
V = Nyyz (2.13) 
where 
€= €^^+ €yy-\- e^^ (2.14) 
where (ixx^ o-yy, and a^^ are the normal stresses in x, y, and x, directions, respec­
tively. Txy, Txz, and Tyz are the shear stresses, e and e denote the dilatation in the 
soHd matrix and the fluid, respectively. The coefficient N represents the shear 
modulus of the solid. The coefficients A and A^  correspond to Lame constants. In 
the theory of elasticity, they are denoted by A and G, respectively. The coefficient 
Q is the cross coupling term between the volume changes of the soUd matrix and 
the fluid. The stress in the fluid, a, is proportional to the fluid pressure p by 
-a = np (2.15) 
where n is the effective porosity which represents the interconnected pore space. 
Biot considers the sealed pore space as part of the sohd. Note that sohd stresses 
are positive in tension, and the fluid pressure is positive in compression. Although 
Biot neglects shear stresses in the fluid due to viscosity. Then the stress-strain 
relationship for the fluid is given by 
a = Q€-\-Re (2.16) 
where R is defined by Biot as a measure of the fluid pressure to force a certain 
volume of the fluid into the porous medium while the total volume of the porous 
medium stays constant. If a stress is appUed to the soUd matrix while the fluid 
pressure is zero, the dilatation of the sohd (and an associated decrease in porosity) 
would produce a reverse dilatation (volume expansion) of the fluid. As seen in 
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equation (2.16), the ratio of dilatation would be equal to the ratio of Q/R. Fatt 
(1959) determined the values of four constants, A, N, Q, and R, by experiments 
of kerosene flow through Boise sandstone. Biot and WiUis (1957) express A, N, 
Q, and R as 
7+ aa* 
R-_^L_ 
i \ — 
7+ aa* 
. y/K + n^ + a(l -
A - — 
y-\-aa 
N=G 
-2n) _2G 
3 
where a= 1 — a'^/K, y = n{l/p - a*), G is the shear modulus of the solid matrix, 
a* is the unjacketed compressibility (grain compressibility) which is the inverse 
of bulk modulus of soHd grains, K is the jacketed compressibility. Geertsma (1957) 
and StoU (1979) also evaluated Biot's coefficients. The frequency dependence of 
the elastic moduU was investigated by Schmidt (1988) 
2.2. Equations of motion 
Biot (1956a) derived his theory of wave propagation in porous media by introd­
ucing the Lagrangian viewpoint and the concept of generalized coordinates. In 
Lagrangian description, one follows the movement of the REV rather than 
interpreting in terms of what happens at a fixed REV (Eulerian description). In 
this case, kinetic energy function, T, and dissipation function, D, are expressed 
in terms of six displacement components of soUd and fluid phases. The kinetic 
energy, T, of the saturated isotropic porous medium per unit volume is expressed 
as 
2 2 2 
2T= \(^^A I (^^y\ I / ^ ^ A ] I 2 l^^xdUx ^ dUydUy ^ du^dU^l 
^^Wdt) \ dt ) \ dt / ] ^^\_dt dt dt dt dt dt ] 
T depends only on six displacement components. The dissipation depends on the 
relative movement between the solid and the fluid. When there is no relative 
motion, the dissipation function, D, vanishes. Then 
2D = b dUjc dUjc\ fdUy dUy\ (dUz dU^ 
dt dt / \ dt dt J \ dt dt / A 
(2.18) 
where fe is a constant (drag coefficient) for an isotropic medium and it is related 
to the fluid viscosity t^f and permeability k by 
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(2.19) 
Biot calls pii, pi2, and P22 "mass coefficients", and they are related to densities 
of solid (ps) and fluid (pf) phases by 
Pii + P12 = (1 - n)ps 
P12 + P22 = npf 
(2.20a) 
(2.20b) 
The coefficient pi2 represents the mass coupling parameter (virtual mass effect) 
between the fluid and the sohd phases and is always negative. 
Then, if we denote the total force acting on the soUd and fluid phases per unit 
volume in the x-direction by Fl and Fl, respectively, we can derive the following 
from Lagrange's equations 
dt Id(dujdt)] 
+ ■ 
dD d_ 
dt 
F^ = ^ 
^ dt 
dT dD 
~ —:; (PiiUx + PnUx) - b — (Ux— Ux) 
d_ 
dt 
(2.21) 
(2.22) 
Similar equations may be written in the y- and z-directions. If we express the 
force components, Fl and Fl as stress gradients, equations (2.21) and (2.22) can 
be rewritten in the following form 
dCTxz dTxy dTxz _ d 
dx + dy = —; (puUx + Pl2^;c) + b — (Ux- Ux) dz dt dt 
— = —; {pl2Ux + p22Ux) - b - { U x - Ux) 
dx dt dt 
(2.23) 
(2.24) 
Since stresses are related to displacements by employing equations (2.8)-(2.16), 
the equations of motion can be stated as 
de de 
NTux + (A + N ) — + e — = — (pnw. + Pi2Ux) -^b-(Ux- Ux) 
dx 
de 
dx dt 
de 
dt 
NV\ + (A+A^)— + ( 2 — = — {pilUy + P^2Uy) + b-{Uy- Uy) 
dy dy dt dt 
de de m'u, ^{A-\-N)—^Q — = — (p^^u, + P12C/,) + 6 - (w, - [/,) 
dz dz dt dt 
G — + i? — = — (P12M;, + pziUx) -b-(Ux- Ux) 
dx dx dt dt 
(2.25) 
(2.26) 
(2.27) 
(2.28) 
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TABLE 1 
Frequency range of wave propagation in porous media 
Frequency range Critical Characteristic High 
of Poiseuille flow < frequency, ft < frequency, /c < frequency range 
I 
Viscous forces dominate < > inertial forces dominate 
Mf ' Mf = / A f ( / / / c ) 
e ^ + i? ^ = 1 - (p^^U, + f^^Uy) -b-{Uy- Uy) (229) 
dy dy dt dt 
G ^ + /? ^ = ^ iPi2U, + P22f/z) - b ^ ( u , - f/,) (2.30) 
dz dz dt dt 
Equations (2.25)-(2.30) with six dependent variables, u^^, U^^, Wy, Uy, u^, and f/^ , 
formulate the wave propagation in a fluid saturated isotropic porous medium. As 
noted by Biot (1956a), an acceleration of the soUd matrix without any motion of 
fluid causes a pressure gradient in the fluid due to the coupUng coefficient, pi2. 
Biot assumed that the fluid flow (U - u) relative to the soUd is of the Poiseuille 
type. The coefficient 6, as given by equation (2.19), is for Poiseuille flow. This 
assumption restricts the solution domain to low frequency range. For wave motions 
in high frequency range, Poiseuille flow assumption does not hold. At higher 
frequency range, a boundary layer develops on sohd phase surfaces. The friction 
forces developing in this layer increases with frequency. The flow field in this layer 
is different than the flow beyond the boundary layer. Thus "the friction force of 
the fluid on the solid becomes out of phase with relative rate of flow and exhibits 
a frequency dependence" (Biot, 1962a). Biot (1956a) limits the lower frequency 
range with a "critical frequency" value, / t , defined by 
/t = f 5 (2.31) 
where d is the diameter of the pores and /Xf is the dynamic viscosity. By equation 
(2.31), the relative size of wave length of elastic waves is limited to an order of 
the pore diameter. This assumption can be avoided if we assume that the fluid is 
an ideal one. Furthermore, above the characteristic frequency, /c, which depends 
on the kinematic viscosity of the fluid and the size of the pores, the viscosity must 
be considered frequency dependent (Table 1). 
Since the use of Poiseuille flow concept is a major assumption in Biot formula­
tion, we will briefly look at the Poiseuille equation. In fluid mechanics, steady 
state laminar flow due to pressure drop along a tube is called Poiseuille flow. The 
velocity distribution for such a flow in a tube with radius ro can be written in 
cylindrical coordinates. Let us take jc-axis as the axis of the tube. The only velocity 
component, w, will be in the jc-direction and will be independent of x. Then by 
neglecting gravity effects 
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dp 1 d / du\ ^ 
dx r dr \ dr2/ 
By integrating equation (2.32) twice, employing boundary conditions at r = 0, w = 
Wmax and at r = ro, u = 0, and noting that Wave = Wniax/2 where Wave is the average 
velocity, we obtain 
dp^ ^ 32/Xf ^ CfXfUmax .^ ^^. 
dx d' ""^^^  Ri, ^^ ^ 
where d is the diameter of the tube. Note that in equation (2.32) there is no 
inertia term. In equation (2.33), Ru is the hydraulic radius {=d/4 for circular 
pipes), and C is a constant (Kozeny's constant, or a shape factor). In porous 
media flow, Ru will be a measure of the size of pores. A comparison of equation 
(2.33) with equation (2.19) shows that for a porous medium k = nRu/C. Tiller 
(1975) illustrates the variation of Kozeny's constant with porosity. For 0 < C < 10, 
C can be calculated by 
C = ^ | = = [ l + 5 7 ( l - n n (2.33a) 
2.3. Derivation of dilatational wave propagation equations 
If we differentiate both sides of equation (2.25) with respect to x, both sides 
of equation (2.26) with respect to y, and both sides of equation (2.27) with respect 
to z and add using equation (2.14) and assuming constant pn , P22, and pi2, we 
obtain 
V\Pe +Qe) = —^ ip,,e + p,2e) + b-(6-e) (2.34) 
dt dt 
where P = A + 2N. If we perform same operations and make the same assump­
tions for equations (2.28)-(2.30), then 
V\Qe + Re) = —^ (p^^e + p22e) - b - (e - e) (2.35) 
dt^ dt 
Equations (2.34) and (2.35) govern the propagation of dilatational waves in a 
porous medium. These two equations clearly show the coupling between them. 
If we neglect the dissipative forces, and consider purely elastic waves, i.e., b = 
0 in equations (2.34) and (2.35), the velocities of two dilatational waves, Vi and 
V2 are obtained from the solution of a quadratic equation by assuming solutions 
to equations (2.34) and (2.35) to be represented by 
The velocity, V, of these waves is V = p/6 which is determined by substituting e 
and e expressions into equations (2.34) and (2.35) as 
Biofs theory 369 
^ - e ' y2 _ [PR PR-Q' ^ [PP^ Ppii - 2Qpi2 
^^ H(pii + P22 + 2pi2). 
Z + P11P22- P12 
(Pii + P22 + 2pi2f 
Vl = , Vl^ (2.36) 
(Pii + P22 + 2pi2)Zi (pi i + P22 + 2pi2)Z2 
where H = P -^ R + 2Q. /3 and 0 denote to wave number and circular frequency, 
respectively. Biot designates the high-velocity compression wave as the wave of 
the "first kind", and the low-velocity wave as the wave of the "second kind". 
However, we must note that in general, neither of these waves propagate as a 
wave in the fluid or in the solid matrix alone, both travel jointly in the matrix and 
the fluid. If coupling is weak (see the solution of Garg et al. (1974) in section 
3.1) waves propagate in a form which closely resemble a wave in the soUd matrix 
alone, and a wave in the fluid alone. 
Biot (1956a) demonstrated the possible existence of an elastic wave, in which 
no relative motion between the fluid and solid phases occurs (e = e) and the 
dissipation due to fluid friction disappears. This is obtained when a "dynamic 
compatibiUty" condition is satisfied between the elastic and dynamic constants, 
i.e. 
(A + 2A^  + 6)(Pi i + 2pi2 + P2) ^ (i? + 6 ) ( p n + 2pi2 + P22) ^ ^ 
(Pii + Pi2)(^ + 2A^  + /? + 2 0 (P22 + Pi2){a + 2N + R + 2Q) 
The propagation velocity of this wave is given by 
2^^-^2N-\-R-\-2Q 
Pii + 2pi2 + P22 
As b increases (i.e., higher frequencies), (u - U) would decrease. This implies 
that both phases would eventually have the same velocity field. Then one might 
use a single velocity field and a single stress-strain relation. This would correspond 
to Biot's single elastic wave with no attenuation, satisfying the "compatibility 
condition". 
If the dissipation is included, then the quadratic equation becomes 
(Z - Z i ) (Z - Z2) + iM{Z - 1) = 0 (2.37) 
where / = (-1)^^^, and M is a frequency variable in terms of fe, P, R, Q, pn , P225 
P12, and a characteristic frequency, /c 
/c = : r ^ (2.38) 
lirpfn 
The characteristic frequency, /c is proportional to the critical frequency, / t [e.g., 
(2.31)] which defines the limit of Poiseuille flow. The proportionality depends on 
the detailed pore geometry. For pores represented by circular tubes, 
^ = 0.154 
/ c 
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TABLE 2 
Coefficient combinations for Figures 1-6 
Case # P/H RIH Q/H Pii/p (hilp fhilp Zi 
0.610 
0.610 
0.610 
0.610 
0.500 
0.740 
0.305 
0.305 
0.305 
0.305 
0.500 
0.185 
0.043 
0.043 
0.043 
0.043 
0 
0.037 
0.500 
0.666 
0.800 
0.650 
0.500 
0.500 
0.500 
0.333 
0.200 
0.650 
0.500 
0.500 
0 
0 
0 
-0.150 
0 
0 
0.812 
0.984 
0.650 
0.909 
1.000 
0.672 
1.674 
1.203 
1.339 
2.394 
1.000 
2.736 
Where / / = P + /? + 22, P = A + 2A^ , p = Pn + P22 + 2pi2. 
ipoos 
1.0004 
1.0003 
1.0002 
1.0001 
1.0000 
3999 
r 
/^^ 
r***^^^ 
3 
.03 .06 .09 .12 J5 
f/t 
Fig. 1. Phase velocity Ui of dilatational waves of the first kind (after Biot, 1956a). 
At frequencies below characteristic frequency viscous forces, and above it inertial 
forces are significant with no coupUng between the fluid and the soHd (see Table 
2). 
The first root of equation (2.37) which reaches to unity at zero frequency 
corresponds to waves of the first kind while the second root corresponds to waves 
of the second kind. Biot (1956a) presents velocity expressions and their graphical 
representations in the range 0 < fife < 0.15 (see Table 2 and Figs. 1-4). 
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t-c 
.10 
08 
.06 
.04 
.02 
0 
6 y 
A 
==y 
.03 .06 
f/fr 
J09 J i J5 
Fig. 2. Attenuation coefficient of dilatational waves of the first kind (after Biot, 1956a). 
2.4. Derivation of rotational wave propagation equations 
If we eliminate [(A + A )^e + Qe] between equations (2.25) and (2.26) by differ­
entiating both sides of equation (2.25) with respect to y and of equation (2.26) 
with respect to x and subtract, we obtain an equation in terms of (o^ and O^. 
Similar equations are obtained for co^, Cl^, coy and fly from equations (2.26) 
and (2.27) and equations (2.25) and (2.27), respectively. By adding these three 
equations, we obtain the equation for rotational waves for the solid phase 
NV^(o = —- (piiw + pi2fl) + 6 — (a> - ft) 
dt dt 
(2.39) 
If we perform same operations for equations (2.28)-(2.30) we obtain the equation 
for rotational waves for the fluid phase 
— (pi2Co + f>22^) — b — (to — ft) = 0 
dt dt 
(2.40) 
If we neglect the dissipation term in these equations, and ehminate ft from 
both, we obtain 
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"^ 
Vc 
.5 
A 
3 
^ 
.1 
0 
1 -^ n 
""^^J. 
"""^^l 
0 J03 J06 .09 .12 j5 
f/fc 
Fig. 3. Phase velocity Vu of dilatational waves of the second kind (after Biot, 1956a). 
m^oi - P l l 1 
L piiPi: 
d^€0 
(2.41) 
1 12J dt 
Equation (2.41) shows that there is only one type of rotational wave with velocity 
Vi = 
Pu 1 -
^ 2 -] 
P12 
(2.42) 
P11P22J 
The rotation of the fluid, 11 is calculated by 
il=- Pl2<0 
P22 
(2.43) 
Since pi2 < 0, ft and (o are both in the same direction. Biot noted that although 
there is no circulation in a frictionless fluid at microscopic level, the Une integral 
of the volume flow (volume of fluid per unit time per unit cross sectional area of 
the medium) can be nonzero. Since there is no coupUng of rotational (shear) wave 
of the fluid and the soUd phase, the shear waves in a saturated porous medium 
signifies the shear waves in the soUd matrix. However, there is a strong effect of 
coupling involved in both compression waves (see Section 2.3), i.e., the presence 
of water exerts an influence on the dilatational wave velocities, but produces a 
very minor effect on the rotational wave velocity. 
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Lc 
.5 
^ ^ 
.'ST-^ ■^^P^'^ 
"^^^^ 
• » - » " ^ 1 
• * * ' ^ - * * * i 
^ " ^ 
0 0 3 .06 X)9 J2 .15 
f/fc 
Fig. 4. Attenuation coefficient of dilatational waves of the second kind (after Biot, 1956a). 
In seismology, compression waves known as primary or P waves arrive first at 
some distance away from an earthquake. These waves are predominantly longitudi­
nal, and followed by secondary (rotational) waves or 5 waves corresponding to a 
transverse wave in which the direction of motion is normal to the direction of 
propagation. In an infinite isotropic saturated porous medium, there are only two 
types of waves (P and S) that can be propagated. However, in regions close to 
surface, a third type of wave arrives after the body waves. These are known as 
Rayleigh waves and have both vertical and horizontal components. The former 
dominates, and the amplitude diminishes exponentially with depth. Love waves 
which appear due to stratification of the earth arrive last. Rayleigh waves have 
been studied by Jones (1961), Levy and Sanchez-Palencia (1977), Deresiewicz 
(1962), and Foda and Mei (1983) in homogeneous porous media, and by Beskos 
et al. (1989b) in fissured porous media. Love waves were investigated by Deresiew­
icz (1961, 1964a, 1965) and Chattopadhyay and De (1983). Variable frequency 
interface waves known as Stoneley waves have been analyzed by StoU (1980) and 
Pascal (1986). 
2.5. Modifications of Biots theory 
In a companion paper, Biot (1956b) extended his theory to high-frequency 
range. In this case the coefficient b which is the ratio of the total friction force to 
the average relative fluid velocity for oscillatory motion is multipUed by frequency 
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correction factor, F{K) which represents the deviation from Poiseuille friction as 
the frequency increases. He proposed various expressions for F(K) by assuming 
certain pore structures (e.g., parallel tubes in the direction of flow). In general 
,1/2-
F{K) = F f) ] <^-^> 
where 8 is the "structural factor" and f is the frequency of the wave and /c is a 
characteristic frequency defined by equation (2.38). As noted by Biot (1962a) such 
a correction is also needed for mass coefficients, pn, pi2, and P22 to take into 
account the deviation from the Poiseuille flow. A functional form of F{K) is given 
by StoU (1977) (see equation [7.10]). 
Later, Biot (1962a) modified his original theory sUghtly by employing the 
general principles of nonequilibrium thermodynamics and extended to an aniso­
tropic medium with an elastic matrix. Modifications include a new definition of b 
as fjLf/k. The elastic coefficients N, A, Q, and R were replaced by new elastic 
constants, [A + M{a - w)^], n(a - n)M, and n^M where M = Q, For an incom­
pressible fluid a = 1. Equations (2.21) and (2.22) were replaced by 
V., = ^ r ^ ^ 1 (2.45) 
dt ld(du/dt)] 
„ d [ dT 1 dD 
_ Vp = - + (2.46) 
dt ld(dw/dt)] d(dw/dt) 
where 
w = n(U-u) (2.47) 
For a uniform porosity, Biot called ^= -V.w "fluid content". Equation (2.46) 
takes into account the relative motion of the fluid with respect to the soUd matrix. 
This approach is more in line with relative Darcy's law concept used in a deforming 
porous medium. It is the specific discharge relative to the moving soUd that is 
expressed by Darcy's law. Biot started with a thermodynamic system initially 
under equiUbrium to apply the thermodynamics of irreversible processes. The 
initial state was defined as the one with no pressure gradients or gravity forces 
acting on the fluid phase. A disequilibrium force was appUed to perturb the system. 
Biot expressed this disequilibrium force in a form conjugate to the flow coordinate. 
Then, he used Onsager's principle to express Darcy's law in a three-dimensional 
space. 
Biot's modified equations can be stated as follows with constant parameters. 
•52 
fiV^u + (N + A) Ve - aMV^ =—-{pu + Pfw) (2.48) 
dt^ 
V{aM€ -M0 = —. (pfU -\-mw)-\-^— (2.49) 
dt k dt 
where p = Pn + P22 + 2pi2 = (l-n)ps + Pf. m is mass coefficient for an isotropic 
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medium and it is related to pf. If we multiply equation (2.49) by n and subtract 
from equation (2.48), we obtain equations (2.25-2.30). 
Note that the term within the parentheses on the left had side of equation 
(2.49) is p. Also, pii = p - 2pfn + mn^, P22 = mn^, and pi2 = Ptn - mn^. 
Equations of dilatational wave propagation can be given in terms of soUd 
dilatation, e, and fluid content, ^ as 
^\He - aMO = {^ (P^ " PfO (2.50) 
ot 
V^(-aM€ + M0 = —^ (-Pf€ + mO + - — (2.51) 
dr k dt 
where / / = A + 2A^ . The coefficient m is given by 
m = 8^ (2.52) 
n 
where 8 is the structural factor indicating the apparent increase in fluid inertia 
caused by the tortuosity of the pore space (StoU and Bryan, 1970). For a random 
system of uniform pores, 8 = 3. Berryman (1980a,b) theoretically determined 8 as 
8=l-ro 1-i (2.53) 
where ro is a coefficient (1 > ro>0) . (roPf) is the induced mass caused by the 
osciUation of soUd particles in the fluid. Berryman noted that ro should be 
determined from microscopic models. Berryman's (1981a) switch from macro­
scopic displacement parameters used by Biot to microscopic fluid displacement 
(and strain) parameters caused him to arrive at erroneous results in his analysis 
(Korringa, 1981). Later Berryman (1981b) has shown that his error arose due to 
misinterpretation of fluid content, .^ 
Hovem and Ingram (1979) used the real part of F(K) (see equation (7.10)) to 
multiply with fif in equation (2.51). Also, they defined m by 
Pf m = — 
n Pfkf -
(2.54) 
The term within the parentheses is the structural factor, 8. Hovem and Ingram 
showed that for low frequencies 
5 = 1 + — (2.55) 
where i?* is a coefficient taking into account the pore shape and the tortuosity of 
the pores (e.g., i?* = 2 for circular tubes, i?* = 5 for spherical grains). At high 
frequencies, coefficients A^ , A, a, M, H, m, and /Xf are replaced by equivalent 
terms to introduce frequency dependance of these coefficients. 
Biot (1962b) presented new features of the theory in more detail and generalized 
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it by introducing a viscodynamic operator. In addition, a more detailed analysis 
of viscoelastic and solid dissipation is given. 
2.6. Elaboration on Biofs work by other researchers 
A large number of researchers modified, revised, and solved Biot's formulation. 
In this section we will review some of these works. 
Hardin (1965) described column test studies for evaluating the damping in sands 
and gave an example of the application of Biot's theory to a water-saturated body 
of quartz sand. He also presented the application of Kelvin-Voight model (viscous 
damping) and found that this model satisfactorily represented the behavior of 
sands in small-amplitude vibration tests. Hardin and Richart (1963) showed that 
the shear modulus of soils is essentially dependent on various variables such as 
average effective confining pressure, void ratio, and frequency among others. They 
showed that the grain size and grading had almost no effect on shear modulus, 
and the degree of saturation had a minor effect only at low pressures. Allen et 
al. (1980) conducted laboratory experiments to determine Biot relationships be­
tween pore pressure, time, degree of saturation, and compression wave velocity. 
The effect of saturation has been investigated in detail by Santos et al. (1990a) 
(Section 5). 
Ishihara (1967) revised Biot's theory and obtained dilatational wave propagation 
equations with dissipation in terms of e and ^ [see equations (2.48) and (2.49)]. 
After eliminating ^ between two equations, they were reduced to a fourth-order 
differential equation in terms of wave velocity V. The material parameters of the 
resulting equation were expressed as functions of measurable quantities. By doing 
this, Ishihara redefined Biot coefficients in terms of basic compressibilities. This 
is similar to Geertsma and Smit's (1961) approach which redefined Biot's elastic 
constants in terms of compressibilities of the phases and porosity. Ishiara has 
shown that the wave of the first kind at low frequencies would travel without 
drainage of water, and its velocity can be calculated by using undrained tests. This 
also implies that there is no movement of water relative to the solid matrix and 
the first kind wave travel without causing pore volume change through the solid-
water-system. At high frequencies (e.g., ultrasonic vibrations in soils) / > /c, the 
first kind waves cause rapid fluctuations in pore pressure due to strain, so that 
there is not enough time for water to drain due to pressure gradients and the 
attenuation disappears. The stress condition is a drained condition. Furthermore, 
at higher frequencies the wavelength is short, and therefore the travel distance 
for water is also short. However, at low frequencies, although there is enough 
time to travel, the distance is much larger due to larger wave length, thus, the 
drainage does not progress. The lack of drainage is not because of the movement 
of the wave as erroneously assumed by some engineers (Ishihara, 1967). Waves 
due to earthquakes and explosions are usually waves of the first kind at low-
frequencies. 
The waves of the second kind usually correspond to consolidation deformation 
at low frequencies. In this kind of waves, wave energy is quickly lost due to large 
attenuations. Thus, the disturbance cannot travel as a wave but rather it propagates 
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Fig. 5. Phase velocity u^  of rotational waves (after Biot, 1956a). 
in a form similar to diffusion (i.e., consolidation) and the phase velocity is reduced 
to zero. The pore compressibiUty has predominant effect on the wave behavior. 
These waves can only progress where there is a change in pore volume. At higher 
frequencies, the disturbance travels as a wave under drained conditions similar to 
the first kind waves. Ishihara (1967) calculated the velocities of all four types of 
waves. The velocity of the wave of the first kind is the same as the one derived 
by Geerstma and Smit (1961). 
A comparison of the first and second kind of waves and rotational waves can be 
illustrated in Figs. 1-6. The numbers in all figures refer to different combinations of 
Biot coefficients (see Table 2). In all cases pn = 0 except at case 4 which gives 
the highest rotational (shear) wave velocity due to cross coupUng of fluid and solid 
phase rotations, M and i l . Number 5 refers to Q = 0, i.e., no cross coupling 
between the volume changes of the soUd, e, and the fluid, e. Number 6 refers to 
a case with a large (A + 2N) in comparison to other parameters, i.e., purely 
elastic dilatational waves, and no rotational waves. Case 6 also assumes equal fluid 
and solid masses Pn = P22. Number 3 refers to a case with a large pn, and 
(A + 2N), i.e., low porosity medium. Since pn represents the total effective mass 
of soUd moving in the fluid, case 3 waves mostly travel in the fluid. 
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In summary, Biot found that the phase velocity of rotational waves increases 
sUghtly with frequency. The attenuation is proportional to the square of the 
frequency. The first kind dilatational waves are "true waves". The phase velocity 
changes with frequency depending on the elastic Biot coefficients. The attenuation 
is also proportional to the square of the frequency. When the dissipation due to 
fluid friction disappears, so does the attenuation of those waves. Dilatational 
waves of second kind attenuate highly. As noted earlier their propagation is 
diffusive and slower than that of the wave of the first kind. 
In a series of ten papers, Deresiewicz and his coworkers (1960)-(1967) obtained 
solutions of various problems of wave reflection and refraction at the interfaces, 
and studied the effects of boundaries in a hquid saturated porous medium by using 
Biot's theory. Dunn (1986) investigated the effect of boundary conditions of a 
porous rock cylinder at low frequencies, and discovered the existence of an "arti­
ficial attenuation" caused by the open-pore boundary conditions. Lovera (1987) 
studied the boundary conditions for a fluid saturated porous soUd. Wu et. al. 
(1990) and Santos et al. (1992) computed reflection and refraction coefficients for 
various interface conditions. 
Sun et. al. (1993) studied harmonic wave propagation through an anisotropic, 
periodically layered porous medium by using Biot's theory to describe the constitu­
tive relations. They presented results for a layered, fluid saturated, fabric material. 
Sharma and Gogna (1991b) employed Biot's theory to investigate the propagation 
of plane harmonic seismic waves in a transversely isotropic porous medium. They 
Biofs theory 379 
concluded that anisotropy has significant effect on the velocities of body waves. 
They also presented frequency equation for surface waves. 
Albert (1993) compared propagation characteristic of water filled and air filled 
materials in 10 Hz-lOOkHz band. Analogous to an elastic medium, Deresiewicz 
(1962) and Jones (1961) independently showed the existence of surface waves in 
saturated porous media. They examined surface waves by considering the coupled 
transverse wave and one of the compressional waves. Later Tajuddin (1984) 
presented a study of Rayleigh waves considering all three types of body waves. 
Tajuddin (1984) extended the study to convex cyhndrical pervious and impervious 
surfaces and found that phase velocity is higher for the impervious surface than 
for the pervious surface. Foda and Mei (1983) proposed a boundary layer theory 
for Rayleigh waves. Weng and Yew (1990) examined the behavior of leaky 
Rayleigh waves generated by a line source. Philippacopoulos (1987) investigated 
Rayleigh waves in partially saturated layered half spaces. However, we should 
note that his model consist of a saturated porous half space and a dry elastic layer. 
Hence, his results are not apphcable to unsaturated porous media. Feng and 
Johnson (1983) numerically searched for the velocities of various surface modes 
at an interface between a fluid half space and a half space of a fluid saturated 
porous medium. Attenborough and Chen (1990) modified Biot's theory and ob­
tained dispersion equations for a rigid porous half space, for a poroelastic half 
space, and for a layered poroelastic half space. They predicted the possibihty of 
two additional types of surface waves at an air/air-filled poroelastic interface. 
Love waves which appear due to stratification of the earth were studied by 
Deresiewicz (1961, 1964a, 1965) and Chattopadhyay and De (1983). Sharma and 
Gogna (1991a) obtained the dispersion equation for Love waves in a slow elastic 
layer overlying a saturated porous half space. Tajuddin (1991) investigated 
dynamic interaction of a saturated porous medium and an elastic half space. 
2.7. Applicability of Biofs theory 
Existence, uniqueness, and regularity of the solution of Biot's equations were 
presented by Santos (1986). The applicability of the Biot theory has been investi­
gated by Hovem and Ingram (1979), Hovem (1980), and Ogushwitz (1985) for 
various types of porous media with a wide range of porosity. Ogushwitz (1985) 
determined that the Biot's theory predicts compressional and shear wave speeds 
within 3% for a porous sintered glass saturated with water (Fiona, 1980), 1% for 
Berea Sandstone, 5% for Bedford limestone saturated with brine, 8% for water 
saturated Bedford limestone, 25 to 30% for water saturated Massilon sandstone. 
The last one could be an indication of water sensitivity of sandstone which might 
reduce the shear modules of the soUd matrix due to release of colloidal particles. 
All these materials represent low-porosity porous media. For suspensions which 
represent the other end of porosity spectrum, the Biot model agrees well with the 
experimental data. For porous medium with mid-range porosity values, the Biot's 
theory matched within 3% for Ottawa sandpack, 10% for glass bead pack. Ogush-
witz's (1985) work is similar to that of Hovem (1980) except that a theoretically 
derived structure factor was employed instead of an experimental value. StoU and 
380 Propagation of waves in porous media 
Bryan (1970) and StoU (1974, 1977) demonstrated the applicability of the Biot 
theory to marine sediments. Berryman (1980a) gave supporting theoretical evi­
dence to Fiona's (1980) experimental data for the dilational waves of the second 
kind with the identification of coefficients given by Geertsma (1957), Biot and 
WiUis (1957), and Stoll (1979). Fiona and Johnson (1984) also provided experi­
mental data verifying Biot's theory. Salin and Schon (1981) provided data for 
ultrasonic pulse propagation in packed glass beads. Holland and Brunson (1988) 
examined the Biot's theory as implemented by Stoll for accuracy for a variety of 
marine sediments. Out of 13 inputs needed, 10 of them were derived empirically 
and the other 3 were measured. Comparison of predicted and measured values of 
compressional velocity, attenuation and shear velocity showed excellent agree­
ment. Beebe et al. (1982) compared the predictions of compressional attenuation 
to estimate velocities and showed good agreement between the predictions and 
measurements. Berryman (1986a,b) notes that Biot's theory was not successful at 
predicting the magnitude of the attenuation coefficient in the low-frequency (1 -
100 Hz) range (Murphy, 1982, 1984; Mochizuki, 1982). Berryman (1986b, 1988) 
attributed this to inhomogeneities in fluid permeability of porous geologic materials 
and showed that local flow effects dominate the wave attenuation. Johnson (1982) 
appUed Biot's theory to acoustic wave propagation in snow, and obtained data for 
the 200-800 Hz frequency range. 
As a criticism of Biot's formulation, Rice and Cleary (1976) noted that dead­
end pores in a porous medium may be sealed off from fully interconnected pores. 
These dead end pores would not contribute to momentum transfer between the 
solid and the fluid. Instead, the "closed-off" pores would induce an apparent 
viscoelastic effect. Levy (1979) observed the effect of unconnected fluid in a similar 
way. We must point out that this can be avoided by using the "effective porosity" 
concept and modifying the stress-strain relations for any possible viscoelastic be­
havior due to dead-end pores. At this point we should note that pore crushing 
was not taken into account in Biot's theory. In dry porous materials, such a 
phenomenon can occur and must be included in the formulation (e.g., Carroll and 
Holt, 1972; Butcher et al., 1974). 
Burridge and Keller (1981) provided theoretical justification for Biot's equations 
by considering the microstructure of porous media. They assumed the scale of the 
pores to be small in comparison to the macroscopic scale, so that the "two-space 
method of homogenization" can be used to obtain macroscopic equations. When 
a dimensionless fluid viscosity term is small, the resulting equations reduce to that 
of Biot. When the dimensionless viscosity is equal to unity, the equation of a 
viscoelastic sohd is obtained. Fride et. al. (1992) rederived Biot's constitutive 
relations and obtained the same expressions for the coefficients by using the local 
volume averaging technique. 
3. Solutions of Biot's formulation 
A number of researchers in various fields solved Biot's formulation either 
numerically or analytically. In this section, we will review some of these solutions 
and point out some interesting results. 
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3.1. Analytical solutions of Biofs formulation 
Among various solutions obtained within last two decades, (e.g., Wijesinghe 
and Kingsbury's (1979, 1980) solution with no coupling, i.e., b = 0, for a harmonic 
loading of saturated porous layer or Cleary's (1977) solution without inertia, or 
Verruijt's (1982) solution for cydic sea wave generated pore pressures), Garg and 
his coworkers' analytical solution (Garg et al., 1974) is an important one. Garg 
et al. solved Biot's equations for dilatational waves in terms of displacements u^ 
and U^ [equations (2.25) and (2.28)] for a one-dimensional column. They assumed 
Pi2 = 0. The column is initially at rest and is subjected to a time-dependent 
disturbance at time zero at the free boundary, jc = 0. They assumed solutions of 
the form 
V, = A,e i(f3x-et) 7 = 1,2 (3.1) 
Vj is the velocity. Subscripts 1 and 2 refer to sohd and fluid, respectively. )8, d, and 
Aj denote the complex wave number, the circular frequency and wave amphtude, 
respectively. The phase velocity is obtained by dividing 6 by the real part of /3. 
The imaginary part of (3 is an attenuation coefficient. Garg et al. took the Laplace 
transform of equations (2.25), (2.28), and (3.1) and obtained characteristic 
equation for two extreme cases of weak and viscous couphng, i.e., for small values 
of b (weak coupling), and for 6 ^oo (strong viscous couphng). They obtained the 
exact inverse Laplace transformation after making some simplifying assumptions. 
Hong et al. (1988) has compared Garg et al.'s solutions with solutions obtained 
by numerical inverses of the Laplace transformed solutions with no approxi­
mations. They found that the difference is insignificant. Garg et al. stated that 
strong viscous coupling causes the two wave fronts to merge to a single front and 
the porous medium behaves hke a single medium with bulk properties. They 
presented finite difference solutions for the general case with no assumptions on 
viscous couphng. 
Figures 7 and 8 show propagation of two fronts when the viscous couphng is 
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weak (b = 21.9 g/cm^ sec). For moderate viscous coupling {b = 2190 g/cm^ sec), 
we also observe two waves. However as seen in Fig. 10 wave velocity in the fluid 
phase gradually increases between the two fronts. This gradual increase is due to 
viscous momentum transfer between the solid and fluid phases. Figure 11 shows 
that in the far field (distant to the boundary at x = 0), the wave of second kind 
disappears and becomes a standing wave with time. Garg et al. noted that oscil­
lations in Fig. 11 at the head of the pulse are due to numerical approximations. 
For strong viscous coupling (b = 2190 x lO'^g/cm^sec), two wave fronts merge 
into one (Fig. 12). We should note that for in all figures the numerical solutions 
cause the wave front(s) to smear. Yew and Jogi (1976) also obtained a solution 
by Laplace transformation similar to Garg et al's. (1974). Jones (1969) studied the 
propagation of a pulse wave in porous media. 
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Burridge and Vargas (1979) obtained analytical solutions for P and S waves 
due to an instantaneous point body force acting in a uniform whole space. Biot's 
equations [equations (2.48) and (2.49)] have been solved by introducing four 
scalar potentials to decouple the system of equations, and transforming them to 
symmetric hyperboHc systems to be solved by Laplace transformation. It has been 
found that P and S waves have the shape of a Gaussian instead of a sharp pulse 
shape. Norris (1985) derived the time harmonic Green function of Biot's equations 
for a point load in an infinite saturated porous medium. He obtained the solutions 
for rotational waves as well as compressional waves. As Burridge and Vargas 
(1979) did, Norris observed that Gaussian shaped pulses broaden with time and 
distance. The integral representation of displacement fields and pore pressure was 
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also suggested by Predeleanu (1984). Boutin et al. (1987) presented a new analyti­
cal formulation of Green's function. Their solution is valid at any frequency 
range. Parra (1991) developed an analytical solution for seismic wave propagation 
associated with a point source in a stratified saturated porous medium. 
Based on the construction of synthetic seismograms, Boutin et al. concluded 
that the signal wave form is strongly dependent on the permeabihty value, thus 
raising the possibiUty of determining the permeabihty values from seismic explo­
rations (see Section 6 for details). Bonnet (1987) provided an harmonic solution 
by an analogy with a thermoelasticity problem. 
3.2. Numerical solutions 
During the last fifteen years, the numerical solution of Biot's wave propagation 
equations on large scale computers have gained popularity due to ability to solve 
a large number of equations in a multi-dimensional space. Among many other 
studies, a finite element solution by Ghaboussi and Wilson (1972) appears to be 
one of the early studies. Ghaboussi and Wilson's formulation which is a generaliza­
tion of Sandhu and Pister's (1970) technique, used the displacement of the sohd, 
u, and relative fluid displacement (U - u) as two field variables [equations (2.23) 
and (2.24)]. Ghaboussi and Wilson calculated the fluid pressure, /?, from the 
volumetric changes of the sohd and fluid through stress-strain relations. Differ­
ential equations were transformed by using the "Galerkin process of weighted 
residuals" to functional forms which are discretized by the finite element method. 
Step loading apphed to half-space of saturated elastic porous sohd was given as 
an example. Galerkin solution was also employed by Santos et al. (1986). 
Later, Sandhu et al. (1989) presented a mixed variational formulation taking 
the soil displacement, relative fluid displacement, and fluid pressure as three field 
variables, as a special case of general variational principle of Sandhu and Hong 
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(1987). By taking pore pressure as a variable, a continuous solution for pressure 
has been obtained. Numerical solutions were compared with Garg et al.'s (1974) 
analytical solution for a special case. 
Hiremath et al. (1988), Morland et al. (1987, 1988) solved Biot's equations for 
a one-dimensional case by employing the Laplace transformation and numerical 
inversion. These results were compared with a finite element solution. It has been 
concluded that numerical solutions compare favorably with the Laplace solutions 
for weak as well as strong viscous coupling. 
Zienkiewicz and his co-workers obtained various finite element solutions for 
simplified Biot theory under transient conditions. Among various assumptions 
made, drained or undrained behavior depending on the permeability of the porous 
medium and rapidity of loading are the dominating factors to characterize a 
particular problem. For example, an earthquake which can be modeled as an 
impulse loading can be investigated as a completely undrained behavior if the 
permeability of the soil is not high. Similar assumptions have been also made by 
other researchers to study the effect of water waves on sea beds (Mei and Foda, 
1981 in Section 7.2). Nur and Booker (1972) suggested that due to the agreement 
between computed rates of attenuation and observed rates of aftershock activity, 
aftershocks can be caused by the flow of groundwater due to changes in pore 
water pressures induced by large shallow earthquakes. 
In a series of papers, Zienkiewicz et al. (1980, 1982a,c) solved the following 
simplified equations after making further assumptions for a numerical solution 
V-cr + pgVz = p-T + Pt-T (3.2) 
dt at 
- V p + ftgVz = pf — + ^' — + ^ - (3.3) 
dt n dt k dt 
V . ^ = - ^ - ^"^ ^ + _ L ^ _ A ^ (3 4) 
dt dt Ks dt 3Ks dt Kf dt 
Equations (3.2)-(3.4) are the momentum balance equations for the porous 
medium, and fluid phase and mass balance equation for the fluid, respectively, a 
is the total stress tensor, a' is the effective stress tensor. Ks and Kf are the bulk 
modules of the soHd grains and the fluid, respectively. The first term on the right 
hand side of equation (3.4) incorporates the solid matrix compressibility. The 
second and the third terms represent the rate of pore volume increase due to the 
increase in pore fluid pressure and effective stress change, respectively. The last 
term represents the compressibiUty of pore fluid. In equation (3.3), the term k' 
is the hydrauUc conductivity, p is the "total density". For a correct interpretation, 
equations (3.2) and (3.3) should be compared with equations (2.48) and (2.49). 
Zienkiewicz and Bettess (1982c) consider a case in which the acceleration in 
the fluid is neglected. The formulation for this "medium speed phenomena" is 
referred to as the u-p formulation. If all acceleration terms are neglected, it 
corresponds to "very slow phenomena" which is the classical consohdation prob­
lem in soil mechanics. "Very rapid phenomena" occurs when the permeability 
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becomes very small or w, dw/dt, d^w/dt^ never reach to significant values. This is 
the "undrained behavior" which is also known as the "penalty type" formulation. 
The total system can be expressed by omitting the momentum balance equation for 
fluid (equation (3.3)), thus u becomes the primary variable. "Drained behavior" is 
another extreme case which occurs when the permeability (or hydrauUc conduc­
tivity) reaches to infinity, p can be calculated independently, and then u is calcu­
lated using the known values of p. This extreme case does not occur ever with 
dynamic effects and it is only possible when all transient behavior ceases. 
For one dimensional case (a soil layer with thickness, L) i.e., o-= a' - p, e = 
du/dz, and a' = De and neglecting the grain compressibility, two dilatational wave 
equations in terms of u and U are obtained (similar to equations (2.25) and (2.28) 
with different mass coefficients). For the periodic case (i.e., exp(-/cor) where (o 
is the angular frequency), these equations become 
[ D + — n. (fu Kid^w 2- iPf - /a cN 
+ = - (o u - (o — w (3.5) 
p dz pn dz p 
[d^u d^wl Kf 2 - 2 - . i^ng - (n a.\ 
—- H — = - oi nu - w w + w (3.6) 
Vdz" dz^l pf k' 
where overbar denotes transformed variables in the Fourier space. 
The coefficient of the first term of equation (3.5) is the square of compression 
wave velocity Vc = Kflpf is the speed of sound in water. Results of Zienkiewicz 
et al. (1980) have shown that in the space of two dimensionless parameters TTI 
and 772 which are defined by 
'^1 = r I \ T2' ^^ 2 = — ^ ( 3 .7 ) 
g(Pf/p)(oL^ Vl 
There are three zones. In zone one, the propagation is slow so that the consohd-
ation problem (C) would solve the problem. In zone II, the u- p approximation 
(Z) would be satisfactory. Zone III includes extremely rapid motions which can 
be described by full Biot theory (B) as given by equations (3.2) through (3.4). 
Figure 13 shows the summary of basic conclusions. They noted the existence of 
small zones which are drained even when most of the medium is undrained. This 
"boundary layer" concept was studied by Mei and Foda (1981, 1982) (see Section 
7.2). Zienkiewicz et al. (1982b) appUed u - p model to analyze the earthquake 
problem by neglecting the coupling acceleration term. They employed various 
plastic constitutive equations to represent the soil deformation. 
Later Zienkiewicz and Shiomi (1984) added the convective fluid acceleration 
term [pf{dw/dtV.dw/dt)/n] to the right hand side of equation (3.3). Similar 
adjustment was also introduced into equation (3.2). 
Prevost (1982, 1984) solved the coupled equations of mass and momentum 
balance by using a finite element technique. Time integration is handled by an 
implicit/expUcit predictor/multicorrector scheme. The method has been applied to 
one- and two-dimensional initial value problems. Later, Prevost (1985) allowed 
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Fig. 13. Zones of applicability of various assumptions (after Zienkiewicz et al. (1980)). Zone 1:5 = 
Z=C. Slow phenomena (d^U/dt^ and d^u/dt^ can be neglected). Zone 1.3 = Z+C. Moderate speed 
{b^JJlbt^ can be neglected. Zone ^\B + Z+C. Fast phenomena {d^Uldt^ can not be neglected), only 
full Biot equation [Equations (3.2) through (3.4)] vaHd. 
the compressibility of fluid by treating the fluid contributions to the equations of 
momentum balance impUcitly. This approach removed the restriction on the time 
step size. Halpern and Christiano (1986a,b) appUed Biot's formulation to analyze 
various foundation problems. 
Hassanzadeh (1991) presented an acoustic modeUing method that involves nu­
merical simulation of two-dimensional low frequency transient wave propagation. 
The method is based on expUcit finite difference formulation of Biot's system of 
equations. Zhu and Mcmechan (1991) developed a two-dimensional finite differ­
ence method allowing investigation of spatial variations in porosity, permeabihty 
and fluid viscosity. 
Bougacha and Tassoulas (1991) used the finite element method to analyze dam-
reservoir-sediment-foundation interaction. They modelled the sediment by using 
Biot's formulation for saturated porous medium. Bougacha et al. (1993a) devel­
oped a spatially semi-discrete finite element technique for layered, saturated po­
rous medium. Bougacha et al. (1993b) appUed the formulation to calculate 
dynamic stiffness of strip and circular foundations. Chang et al. (1991) presented 
a singular integral solution technique for solving dynamic problems. They also 
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showed an analogy between thermoelasticity and dynamic poroelasticity in the 
frequency domain. 
3,3. Solutions by the method of characteristics 
The method of characteristics have been used widely to solve hyperbolic partial 
differential equations. By using the method characteristics, partial differential 
equations are transformed into time-dependent ordinary differential equations. 
These canonical equations are solved along the characteristic hnes. 
Streeter et al. (1974) appHed the characteristics method to study the wave 
propagation in a layered soil due to earthquakes. Streeter et al. presented equation 
(2.23) in a form 
T^^ z ^^Ux dr^z dVx ^ .^ Q. 
p — - = p — = 0 (3.8) 
dz dt^ dz dt 
for a one-dimensional (vertical) soil column, p is the density of the soil. The 
displacement in the vertical direction is zero. Shearing stresses are set up by 
horizontal motions imposed at the base of the column (i.e., earthquake) and they 
travel in the vertical direction. 
The soil is modeled as a viscoelastic soUd with a constitutive equation 
dUjc d^Uj, 
T,, = G — + Ms — - (3.9) 
dz dzdt 
where G is the shear modulus and /JLS is the viscosity of soil. Differentiation of 
equation (3.9) gives 
= G - ^ + p . s — - (3.10) 
dt dz dzdt 
If the time derivative in equation (3.10) is approximated by finite difference 
equation, and then combined with equation (3.8) after multiplying with an un­
known multipHer 0, to give 
. dz dt 
-4^(g + ^ ) - + ^ V^N=0 (3.11) 
Idz \ AtJ dp dt] AtKdzJc 
where the subscript c represents the value determined at point c on the z - r space. 
Partial derivatives in equation (3.11) are expressed in terms of total derivatives as 
dt 
when 
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^=0 = 1(G + !^] (3.13) 
dt Op \ At. 
Equation (3.13) is solved for 
1/2 
^=e=±l^^^] =±V. (3.14) 
dt \p pAtJ ^ 
where V^ is the shear velocity. Equations (3.12) and (3.14) give four ordinary 
equations to be solved, replacing two partial differential equations [equations (3.8) 
and (3.10)]. One-dimensional pressure wave propagation is similar to shear wave 
propagation except that the velocity of the compression wave is given by 
where K^ is the bulk modulus of the soil. 
Propagation of pore pressure and water flux are analyzed by simultaneous 
solution of momentum and mass balance equations 
i C ^ + ^ ^ + F, = 0 (3.16) 
dz g dt 
^ + ^ ^ - ^ ^ ^ = 0 (3.17) 
dt g dz g l-\-e At 
where e is the void ratio (n/(l - n)). Streeter et al. (1974) present various examples 
including the hquefaction of an earth dam. r is an inertia multipher. 
Van der Grinten et al. (1985) solved the conservation of mass and momentum 
equations for a saturated porous medium 
dVx 1 — n dv^ 1 dp 
dx n dx Kf dx 
dVx _ 1 da' 
dx Ks dt 
[npf + (a ** - l)npf] — - - (a ** - l)npf —- = - n h npfg 
dt dt dx 
(3.18) 
(3.19) 
+ n^fJifa\v,-Vx) (3.20) 
[(1 - n)ps + ( « * * - l)npf] —- - (a ** - l)npf —- = 
dt dt 
- — - (1 - n) ^ + (1 - n)psg - n^m'iv. - V,) (3.21) 
dx dx 
where Ps is the density of solid. The term ( a * * - l)npf represents the mass 
coupling between the fluid and the solid matrix. The added mass parameter a ** 
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depends on the structure of the porous matrix (Johnson et al., 1982). Equations 
(3.18)-(3.21) were first presented by de Jossehn de Jong (1956). Equations (3.20) 
and (3.21) can directly be obtained from Biot's equations [equations (2.23) and 
(2.24)]. Equation (3.18) is the mass balance equation for the fluid after some 
mathematical manipulations (Bear and Corapcioglu, 1981) and equation (3.19) is 
the elastic stress-strain relation for the soUd matrix. By applying the method of 
characteristics, equations (3.18)-(3.21) are obtained in characteristic form 
( - + Fp - ) (Aa' + Bp^ Cv, + DV,) = E(v, - V,) (3.22) 
\dt dX/ 
Vp is obtained from 
FV^ + HVl + 1 = 0 (3.23) 
where A, B, C, D, E, F and H are parameters in terms of equation coefficients. 
When the pore fluid is air, the compressibiUty of the matrix is much smaller than 
that of air. Therefore, the porous medium can be considered rigid. Since inter­
active forces are much larger than inertial forces, equations are decoupled. The 
momentum equation will reduce to Forcheimer equation by adding a term propor­
tional to the velocity squared (see equation (6.11)). Then the governing equations 
reduce to 
aA, + a(PaVa) = o (3.24) 
dt dX 
""" =-na'fjLfV.-n^b'pJ^,\V,\ (3.25) 
dx 
where V^ is the air velocity, p^ is the air pressure, Pa is the density of the air, and 
a' and b' are Forcheimer coefficients. For an isothermal compression 
Pa Pa 
when the sohd matrix is fiUed by air instead of water, the wave is strongly damped, 
and the permeability is not frequency dependent. As concluded by other studies, 
when the pore fluid is water, the permeability is strongly dependent on frequency 
due to viscosity. In a dry porous medium, the dilatational wave of the second kind 
which is strongly attenuated is the only wave observed in the pores. Furthermore, 
it is determined that transient permeabihty is approximately one-third of the 
stationary value. The contribution of added mass which is neglected by most 
researchers (e.g., Garg et al., 1974; Mei and Foda, 1981) was found to be signifi­
cant. Later, van der Grinten et al., (1987a) provided new experimental evidence 
by measuring pore pressures and strain simultaneously. They concluded that the 
behavior of the wave of the second kind is affected by the boundary conditions 
at the top of the soUd matrix. The influence of boundary conditions is also discussed 
by Geertsma and Smit (1961) and Zolotarjew and Nikolaevskij (1965). Van der 
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Grinten et al. (1987a) used approximations of frequency correction factor [see 
equations (2.44) and (7.10)] for low and high frequencies, respectively. 
F(K) = l + i(—j as K-^0 (3.27) 
f(K) = [(l + /)/4V2]/c as K-^oo (3.28) 
where K is the transient Reynolds number defined as 
K = Re = i?p J - (3.29) 
> Vf 
where Rp is the radius of cyUnders of the cylindrical duct model representing the 
porous medium. The reader should compare the definition of Reynold's number 
given here with equation (6.10) given by Geertsma (1974). Later, van der Grinten 
et al. (1987b), extended their analysis to partially saturated medium by varying 
the bulk modulus of fluid. The reader is referred to Section 5 for a review of this 
type of treatment to model unsaturated porous medium. 
4. Liquefaction of soils 
When loose saturated sands are subjected to vibrations, their porosity decreases. 
If the pore water pressure increases due to lack of drainage, the effective stress 
vanishes when the pore pressure reaches the overburden pressure (total stress) 
with continuous vibration. This can be stated by the effective stress principle 
a=(T'-pI (4.1a) 
where a is the overburden pressure, a' is the effective stress, / is the unit tensor, 
and p is the pore pressure. At this point, the sand looses its shear strength and 
behaves like a Uquid. When this happens, the soil cannot support the weight of 
the structure resting on it. Structures sink into the soil as observed in Niigata 
(Japan) earthquake of 1964. This phenomenon is known as Uquefaction in soil 
mechanics (Scott, 1986). Liquefaction can be observed even several hours after 
the initial shock. Since this is a problem of great practical importance, quite a 
number of studies tried to predict the liquefaction potential of soils. 
In liquefaction studies, the soil is represented by one or more layers with 
homogeneous properties resting on a soHd rock base. The earthquake excitation 
is at the base and resulting shear waves propagate vertically upward through the 
soil column. Shear stresses induced by the earthquake are approximated by cyclic 
horizontal shear stresses apphed at the base. Since, Uquefaction is caused by pore 
pressure increase, the pore pressure dissipation during and after a period of cyclic 
loading, needs to be calculated. A similar phenomenon can occur in sea-bed 
deposits of sand subjected to storm-wave loadings. The concept of pore pressure 
generation under cycUc loading condition was first introduced by Seed and his 
coworkers in various publications (e.g., DeAlba et al., 1976; Martin et al., 1975; 
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Fig. 14. Rate of pore water pressure buildup in cyclic simple shear test (after Seed and Brooker, 
1977). 
Rahman et al., 1977; Seed et al., 1976; Seed and Rahman, 1978) and outUned in 
Seed and Idriss (1982). Such an approach is known as "effective stress method." 
Seed and his coworkers have found that pore pressure generation in a cychc 
undrained simple shear test falls within a narrow range as shown in Fig. 14. The 
average curve can be approximated by 
..P^-1 sm 
\ae 
(4.1) 
where A^  is the number of stress cycles apphed, A^M is the number of stress cycles 
needed for initial Uquefaction, and 7=0.7. o-; is the initial vertical effective stress. 
Pg is the generated pore pressure. Then, the rate of pore pressure generation is 
obtained from equation (4.1) as 
dpg_dpgdN_ 
dt dN dt 
(Ta 
SirTr^ 
N^ 
N L sin^^-\7rrp/2)cos(7rrp/2) 
(4.2) 
Note that in equation (4.2), irregular cychc loading is converted to an equivalent 
number of uniform stress cycles, A^ eq occurring in a time span To by dN/dt= 
A^eq/T'o. Then, combined pore pressure generation and dissipation is obtained 
from the solution of 
dp 
dt 
Cv a 
dr\ drJ dz dt (4.3) 
where Cv is the consohdation coefficient and r and z are the radial and vertical 
coordinates. An example given by Seed et al., 1976 (Fig. 15a) shows that the sand 
layer at a depth of 15 ft hquefies after about 21 seconds of shaking during the 
earthquake. Liquefied condition propagates to 40 ft at 40 seconds (Fig. 15a). After 
earthquake stops at 50 seconds, pore pressures below 15 ft dissipate. However, 
pore pressures above 15 ft continue to build up and after about 12 min., the water 
in the top foot would flow from the ground (Fig. 15b). Seed et al., noted that 
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Fig. 15A. Computed development of pore water pressures during earthquake shaking (after Seed et 
al., 1976). 
lower water table would decrease the liquefaction potential. Seed and Idriss (1982) 
noted that a more fundamental approach by Finn et al. (1977) shows only small 
differences in results. 
Finn et al. (1976, 1977) developed a non-linear method of analysis of Uquefac-
tion in which the momentum balance equations was coupled by the pore water 
pressure generation model given by equation (4.3). Later, a more general approach 
by solving Biot equations were presented by Ishihara and Towhata (1982). Finn 
et al.'s (1976) stress-strain relations were used by Mansouri et al. (1983) to study 
the hquefaction potential of an earth dam. 
Streeter et al. (1974) presented a characteristics method which treated responses 
of the pore water and the soUd matrix separately as uncoupled problems. Pore 
pressures were introduced by defining volume changes. The details of Streeter et 
al.'s technique are given in Section 3.4 (equations (3.8)-(3.17)). Later Liou et al. 
(1977) developed a Uquefaction analysis of saturated sands. They studied the 
propagation of shear and pressure induced by the earthquake motion at the base 
of the sand deposit. Liou et al.'s shear wave submodel is similar to that of Streeter 
et al.'s except the coefficient of viscosity in equation (3.9). Pressure wave submodel 
consists of momentum balance equation for the solid 
— + pgVz = p— + npf — 
dt dt dt 
(4.4) 
momentum balance equation for the pore water. 
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Fig. 15B. Computed variation of pore water pressures in 60-minute period following earthquake (after 
Seed et al., 1976). 
dS „ dV 
---\-npfg\z-npf — 
dt dt 
2 S 
n pf—Vr = npf 
K 
dVr 
dt 
mass balance equation of pore water 
dt C^dz Cw dz 
and time derivative of the stress-strain relation 
dt \Cc nC^J dz Cw dz CcV n) dt 
(4.5) 
(4.6) 
(4.7) 
where 
5 = -np, a = -cr' + - , 
n 
^ ^d(U-u) 
dt 
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Cw is the compressibility of water, and (1/Cc) is the secant modulus of the soil 
skeleton. These four equations form a hyperbolic system to be solved by the 
method of characteristics. The first two equations (equations (4.4) and (4.5)) are 
similar to equations (2.48) and (2.49). The coupled solutions of shear wave and 
pressure wave propagation have been presented by Liou et al. to simulate Niigate 
earthquake. 
Endochronic modehng of two phase porous medium was developed by Bazant 
and Krizek (1975, 1976) after the work of Valanis (1971). Bazant and Krizek 
combined the endochronic constitutive equations with governing equations to 
analyze the Uquefaction phenomenon. Bazant et al. (1982) and Valanis and Read 
(1982) reviewed endochronic models for soils. This theory which is different from 
the conventional stress-strain relations are separated into a relation for the volu­
metric components, and another one for the deviatoric components. Inelastic 
behavior which is produced by the deviatoric strain increments is described by the 
endochronic law. A similar approach was also employed by Sawicki and Morland 
(1985) for dry and saturated sand by adding elastic and non-linear irreversible 
deformations. 
Hiremath and Sandhu (1984) and Morland et al. (1987) applied their numerical 
solution techniques to study Uquefaction problems. They noted that, in general, 
for long wave-length problems with strong coupUng like Uquefaction, the relative 
motion of fluid and soUd which maximized the pore pressure has been neglected. 
Sandhu and his coworkers' numerical solution are discussed in Section 3.2 
Ghaboussi and Dikmen (1978) treated horizontal layers of saturated sand as 
fluid saturated porous media in their analysis of seismic response and evaluation 
of Uquefaction potential. Coupled conservation of momentum equations were 
solved with nonUnear soil properties such as yield, failure, and cycUc effects. 
Later, Ghaboussi and Dikmen (1981) extended their analysis to three dimensional 
earthquake base acceleration. Zienkiewicz et al. (1978, 1982) presented a numeri­
cal solution with non-associative plasticity models. A review of these works are 
given by Zienkiewicz (1982). A similar approach with an elastoplastic solid matrix 
was also taken by Vardoulakis (1987). 
5. Wave propagation in unsaturated porous media 
In contrast to saturated porous media, wave propagation in unsaturated porous 
media received little attention from researchers. The general trend is to extend 
the Biot formulation developed for saturated medium to unsaturated medium 
by replacing model parameters with the ones modified for air-water mixture. 
Modification is generally done by volume averaging the density and the compress­
ibility coefficients. For example, Spooner's (1971) equation of motion [equation 
(6.1)] contained a correction term to incorporate the degree of saturation in the 
inertia term. As an alternative, as noted in Section 7.1, others increased the 
volume compressibility of water due to trapped air in the porous medium (e.g., 
van der Grinten et al. 1987b). In addition to Verruijt's (1969) formula, we might 
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also note Bishop and Eldin's (1950) expression for the compressibiHty of pore air-
water mixture, Cw, as given by Ghaboussi and Kim (1984) 
L^YV V-"- *^WO ^ C ^ W O / (5.1a) 
where S^o is the initial degree of saturation. He is the solubility coefficient, pao is 
the initial pore air pressure, and p is the pore water pressure. Schurman (1966) 
considered the surface tension between the air and the water (= 0.5 (p^ - p)Ra) 
which is neglected in equation (5.1a). R^ is the radius of the air bubble, and p^ is 
the air pressure. Domenico (1974) defined the effective compressibiHty of the 
fluid, j8, as 
13 = 5wi8g + 5wi8v (5.1b) 
where j8g and j8w are the compressibility coefficient of the gas and the water, 
respectively. Composite density p is obtained by adding equations (5.3) through 
(5.5). A similar approach was taken by Mochizuki (1982) by mass averaged 
parameters. Bedford and Stern (1983) developed a mixture theory for porous 
media saturated with a bubbly Uquid which is equivalent to the Biot theory except 
that the inertial effect of bubble oscillations is included. 
Brandt (1960) reported that in a water saturated quartz sand column, com-
pressional wave velocity decreases linearly with the decreasing degree of water 
saturation, and levels off at 50% saturation. Gassman (1951) employed the 
"distinct element" technique by representing the medium by packed elastic spheres 
(see Section 1). Brutsaert (1964) employed Lagrangian formulation similar to 
Biot's (1956a) approach to obtain a mathematical model. By taking pi2 = 0, the 
kinetic energy, T of an unsaturated porous medium was expressed by 
2T- Pi i 
/du^ 
\ dt 
dUy 
dt dt 
+ P22 
dU% 
dt dt + 
dul 
dt 
+ P3 3 
dU^ 
dt + 
dUy 
dt + 
dU, 
dt 
(5.2) 
where u^ is the gas displacement. Mass coefficients p n , P22, P33 are given by 
Pi i = Pii = (1 - « ) P s 
P22 = Pg(l - S^)n 
P33 = Pf5w« 
(5.3) 
(5.4) 
(5.5) 
where pg is the density of gas. Equations (2.8) through (2.13) and (2.16) were 
generalized to include the dilatation of the gas, and an equation similar to equation 
(2.16) was proposed for the stress in the gas. The dissipation function given in 
equation (2.18) was modified to include the relative velocities between the gas 
and the soHd, and the gas and the Uquid phases. After this extension of Biot's 
theory, Brutsaert and Luthin (1964) provided experimental data which agrees with 
Brandt's (1960) conclusions. Also, Allen et al. (1980) provided laboratory data to 
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evaluate the relationships between degree of saturation, pore pressure, time, and 
compression wave velocity. 
Garg and Nayfeh (1986) developed a mixture theory by neglecting inertial 
coupling (pi2 = 0). Momentum exchange between phases was incorporated by 
including the relative velocities between the gas and the soHd, and the gas and 
the Uquid phases in the momentum balance equations of respective phases. The 
coefficient b was replaced by 
6sf = ^'(l-5w)Vf/(fcoA:rw) (5.6) 
fesg = n^sitig/(kokrg) (5.7) 
6fg = 0 (5.8) 
where ko is the intrinsic permeabiUty of the medium, fcrw and kro are relative 
permeabilities for the water and the gas phase, respectively, /if and /ig are respec­
tive viscosities. Equation (5.8) impHes that there is no momentum transfer between 
two fluid phases due to negUgible contact area between the water and the gas 
phase. Solubility of gas in water is incorporated in the model. Garg and Nayfeh's 
work is limited to low frequencies. At high frequencies bst, fcsg? and 6fg may not 
be constant, and furthermore, these constants and the capillary pressure (pa ~ Pw) 
should be taken as functions of frequency. Garg and Nayfeh assume linear elastic 
constitutive relations for all phases. Their solution for dilatational waves show 
three modes of propagation for weak viscous coupling. Three fronts merge into 
one with strong viscous coupling. 
Kansa (1987, 1988, 1989) and Kansa et al. (1987) solved governing equations 
similar to that of Garg and Nayfeh (1986) by using an explicit Lagrangian code. 
They concluded that due to its small inertia, the gas phase response is basically 
uncoupled from solid and liquid phases. Gas phase also moves out of pores 
("drained behavior") very readily in comparison to water which has a much larger 
inertia. 
Based on their previous works (e.g., Berryman and Thigpen, 1985a,b,c,d), 
Berryman et al. (1988) presented a mixture theory for dilatational wave propa­
gation. Their kinetic energy expression included terms for microstructural kinetic 
energy due to the dynamics of local expansion and contraction of individual phases 
and virtual mass due to relative flow of each phase in addition to usual kinetic 
energy terms given by equation (5.2). Drag coefficients were identical to that of 
Garg and Nayfeh (1986) (see equations (5.6) through (5.8)). However, Berryman 
et al. included the virtual mass effect in their formulation. They have shown that 
by neglecting effects due to changes in capillary pressure, governing equations 
reduce to equations similar to that of Biot for full saturation. Equation parameters 
incorporated the presence of the gas phase. This conclusion is analogous to the 
concept of replacing the coefficients of Biot equations with the ones modified for 
air-water mixture. Such an approach was reviewed earlier. Berryman et al.'s (1988) 
model can be expressed by 
/>i*V i^i + (// - /x*)Ve - cV^ + (o\p^^u + puw>v) = 0 (5.9) 
CVe - MV^ + (o\p^^u + PwwH') = 0 (5.10) 
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where /x*, H, C, and M are parameters similar to that of Biot's. However, the 
inertial coefficients Puu? Puw? and p^ w? are much more comphcated due to presence 
of gas phase. ^ is the divergence of total fluid (water plus gas) displacements. In 
derivation of equations (5.9) and (5.10), Berryman et al. introduced a Fourier 
time dependence of the form exp(-i(ot) (o) = angular frequency) into the formula­
tion. A comparison of equations (5.9) and (5.10) with equations (2.48) and (2.49) 
would demonstrate the analogy. Equation variables are identical in both sets of 
equations. Auriault et al. (1989) followed a similar approach by treating porous 
medium as a periodic media. Auriault et al. did not neglect the capillary pressures 
in their theoretical formulation. Lebaigue et al. (1987) appUed this theory to 
analyze ultrasonic waves in a sheet of unsaturated wet paper. Ross et al. (1989) 
measured stress wave attenuation using the split Hopkinson pressure bar. 
Santos et al. (1990b) presented a theory describing the wave propagation in a 
porous medium saturated by a mixture of two immiscible, viscous, compressible 
fluids by employing the principle of virtual complementary work. It was assumed 
that the two-phase flow in porous media obeys Darcy's law. Santos et al. (1990b) 
found that there are five possible body waves. Three of them correspond to 
compressional waves, and the other two, of identical speed, are associated with 
shear modes. This is a generalization of the single-phase Biot theory. The third 
kind dilatational wave is associated with the relative motion between two fluid 
phases. However, we must note that Darcy's law was not generalized to account 
for the relative motion of different phase fluids. The relative motion between the 
fluids might create a momentum exchange which in turn introduces additional 
head loss. Yuster (1951) tried to explain this by the remark that there is a 
shear transmitted at the two-phase interface which would actually entail such a 
phenomenon. A further discussion of the "Yuster effect" has been given by Scott 
and Rose (1953). 
Santos et al. (1990b) stated the conservation of mass equation for oil and water 
phases as 
dt 
V-fpoiC^Vpo) (5.11) 
^^""^^^ + V . (p^K^Vp^ 1 (5.12) 
^t \ p^ 
where 5o and 5w denote the oil and water saturations, respectively. Note that 
So + Sw = 1 (5.13) 
Oil and water densities are denoted by po and Pw, respectively. K is the intrinsic 
permeability, kro and fcrw are the relative permeabihty functions for the oil and 
water, respectively. They are expressed in terms of S^. Po and p^ denote the 
dynamic viscosities of the oil and water phases, respectively. Po and p^ are the 
incremental oil and water pressures, respectively. Similar to Biot's work (see 
Section 2.2), the Lagrangian formulation of the equations of motion was stated 
by employing the kinetic energy density and dissipation energy density function 
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definitions. Then, using the assumption of time independence for the saturation, 
a linearization technique, and the assumption of constant coefficients, Santos et 
al. (1990b) obtained the wave propagation equations 
22 , , n2 . ,o a2 , .w 
a U<, 1= a U !^ O U p ^ + PoSo^ + Pw5w ^ ^ = NV^u' + V[(A + A )^e + Bie° + ^2^"] 
dr ar dt 
(5.14) 
d^u' ^ . d^U° ^ _ d^U-" ^ ,^ ,2 /to dU° Po5o ^ + g^"-^ + g ^ ^ + (Sof - ^ ^ = V[Bi€ + M^e° + Mse^] 
(5.15) 
d^u^ _ a V _ a^M"' ,=; ,2 jLtw aM" p„5w — + g 3 - r + g 2 - r + (5w)^  ^ — = V[B2€ + M3e° + M2e-] 
df o^ of A-ZCrw ^f 
(5.16) 
where w% w°, and w"^  denote solid, oil, and water phase displacements, respec­
tively. An overbar refers to a reference value, e, e°, and e^ denote volumetric 
dilatations of the soHd, oil, and water phases respectively, p is defined by 
p = (1 - n)ps + n{poSo + Pw5w) (5.17) 
where Ps is the solid density. A, N, gc, Bi, B2, gi, g2, Mi, M2, and M3 are all 
material parameters. In formulating equations (5.14)-(5.16), Santos et al. ignored 
the friction effects between the oil and water phases in the dissipation energy 
function. We must note that instead of using the Lagrangian formulation to obtain 
the wave propagation equation, we can state the momentum conservation 
equations as shown by Baer and Corapcioglu (1989) (see Section 9). Santos et al. 
(1990b) obtained the equations governing the propagation of dilatational and 
rotational waves by applying the divergence and curl operators to equations 
(5.14)-(5.16), respectively. 
In a companion paper, following the presentation of a method to determine 
the elastic constants for an isotropic porous medium saturated by a two-phase 
fluid, Santos et al. (1990a) calculated the phase velocities and attenuations for 
Berea sandstone saturated by mixtures of oil and water, and gas and water as 
functions of both frequency and saturation of the non-wetting phase. As shown 
in Figures 16, 17, and 19, Santos et al. observed that for low saturations, the 
phase velocities of first and second kind compressional waves, and shear waves 
approach to the corresponding water-saturated (i.e., S^ = 1) porous medium. As 
seen in Figure 17, the wave in gas-water mixture saturated medium is slower due 
to smaller relative motion of lower density fluids. The third kind dilatational wave 
which is directly associated with the presence of capillary pressures, increases with 
the saturation of non-wetting phase (oil or gas) (see Fig. 18. The phase velocity 
of the third kind wave is much slower than others and reaches to zero velocity at 
low saturations. Similar to the second kind waves, the third kind dilatational waves 
are diffusion-type waves. As seen in Fig. 19, the shear wave phase velocity in­
creases almost Unearly with the non-wetting phase saturation for both mixtures. 
Since, the bulk density of the gas-water mixture saturated porous medium is 
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Fig. 17. Phase velocity of dilatational waves of the second kind (after Santos et al., 1990a). 
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smaller than the oil-water saturated medium, it has higher shear wave phase 
velocity. Santos et al.'s model shows increasing phase velocities with frequency 
at low frequencies ( < 5 Hz) and almost constant velocities at higher frequencies. 
They questioned the vaUdity of their model at high frequencies, since the frequency 
dependence of dissipation for high frequencies has not been taken into account 
in their formulation (see Section 2.5). The attenuation coefficients of the first kind 
dilatational and shear waves were found to be almost zero at low frequencies and 
very small at high frequencies with peaks at a particular frequency. 
White (1975) derived expressions by extending Gassmann's viewpoint to include 
coupUng between the fluids. White considered a spherical region of gas or liquid 
surrounded by a concentric shell of Uquid or gas. Norris (1992) developed a 
macroscopic theory that takes into account the type of microstructure in White's 
model. 
Domenico (1974, 1976) experimentally investigated the effects of water satur­
ation on reflection, refraction, and phase velocity of body waves and showed that 
the drainage process used in many laboratory studies (Gregory, 1976; Elliot and 
Wiley, 1975; Domenico, 1976) results in extremely heterogeneous gas distribution 
in the samples. 
Murphy (1982) provided further data on the effects of partial water saturation 
on attenuation in high-porosity sandstone {n = 0.23) and porous glass (n = 0.28). 
Murphy concluded that attenuation is much more sensitive to degree of saturation 
than the wave velocity. In partially saturated sandstones, attenuation is strongly 
frequency dependent. Murphy also concluded that viscous dissipation is dominant 
over surface film mechanism at saturation levels over one percent. At very low 
saturations, monolayer of water react with the siUcate surface, increasing the 
compressibiUty of the matrix significantly. Biot's theory does not take this effect 
into consideration. Murphy (1984) observed different results in tight sandstones 
{n = 0.033 - 0.085) which can be explained by contact relaxation mechanism. 
Although grain-to-grain response is elastic, water trapped in the contact gap adds 
a component stiffness to the matrix and creates a viscoelastic response. 
Yin. et. al. (1992) used force-deformation method to examine the attenuation 
characteristics of unsaturated porous media and concluded that pore fluids within 
the rock affect attenuation not only by their degree of saturation but also by the 
history of the saturation. 
6. Use of wave propagation equation to estimate permeability 
An inspection of equation (2.19) reveals that the coefficient b of the dissipation 
term is related to the intrinsic permeabiUty of the medium. KUmentos and McCann 
(1990) found relationships between the clay content, phase velocity and attenu­
ation. Their results showed that the relationship between clay content and attenu­
ation is very strong. Since permeabiUty strongly depends on the clay content, 
dissipation is the key factor in determining the permeabiUty of a porous medium. 
We should note that permeabiUty is measured by quasi-static experiments where 
there is net flow. However, in wave propagation there is no net flow but oscil-
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Fig. 20. Frequency dependence of hydraulic conductivity (after Misra and Monkmeyer, 1966). 
lations about an equilibrium position. Hence, permeability that is back calculated 
by using wave propagation theory may differ from the quasi-static permeability of 
a porous medium. Similar statements were made by Berryman (1986b, 1988). 
Berryman warned against the use of Biot's theory to determine the permeability 
of rocks in the low-frequency range (1-100 Hz). He showed that since the intrinsic 
permeability of the rock is inhomogeneous and varies widely in magnitude, the 
spatial scale of Biot's theory is quite small. Therefore, Biot's theory predicts an 
order of magnitude of different permeabiUty values than measured permeabilities. 
Nagy (1993) concluded that the observed discrepancy in attenuation coefficients 
is due to the irregular geometry that significantly reduces the high frequency 
dynamic permeabiUty. Mochizuki (1982) argued that attenuation measurements 
of Murphy (1982) can not be explained by Biot's theory. Prasad and Meissner 
(1992) observed that other attenuation mechanisms exist in saturated sands. The 
discrepancy between Biot's theory and experimental results are believed to be 
because of the squirt flow in the microscale (Mavko and Nur, 1979; Murphy et 
al., 1986; Akbar et al., 1986). Some researchers used wave propagation equations 
to estimate the permeability of the medium. In this section, we will review some 
of these studies. 
Wylie et al. (1962) suggested the use of Biot's theory to calculate the hydrauUc 
conductivity by measuring the attenuation at two or more frequencies. However, 
they did not introduce a formaUsm to their proposal. 
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Spooner (1971) obtained the wave propagation equation for a partially saturated 
porous medium in terms of pore pressure by taking the divergence of the conser­
vation of momentum equation 
(>Swpf+ (l-5wPg))ma<7, ^ _ _ Mf /g jx 
n dt k 
and differentiating the conservation of mass equation for the water phase 
-V.^. = (5.nr + ^^^-=^^^+k + ^(l-5J^^^ (6.2) 
V Pf Po L Pf A J dt 
and combining equations (6.1) and (6.2), and eliminating qr 
VV = m[5fP,+ ( l - 5 w ) p J / 3 ' ^ + ^ / 3 ' ^ (6.3) 
ot k at 
where m is the "structure factor" (see equation (2.52)) which is called mass 
coefficient by Biot. S^ is the degree of water saturation, pg is the density of gas, 
Po is the reference pressure, a^ is the coefficient of volume compressibility of the 
solid matrix (= (1 - n)'^ dn/dp). j8" is the compressibility of water. j8' is consi­
dered as an "effective compressibility" and is equal to the coefficient on the right 
side of equation (6.2) divided by n. qr is the relative specific discharge of water 
qr = n-(U-u) (6.4) 
dt 
Note that qr = w [see equation (2.47)]. A comparison of equation (6.1) for 5w = 
1 (i.e., saturated porous medium) with equation (2.49) reveals that 
-nVp = -p,m—^{u -U)- "^-^-(u - U) (6.5) 
dt k dt 
Vp = ^ [pfU + mn{U-u)] -\-^-{U-u) (2.49) 
dt k dt 
The parameter m has been introduced by Zwikker and Kosten (1949). It incorpor­
ates the increasing effect of "apparent density" [5pf + (1 - 5)pg] in the inertial 
term of the fluid. Zwikker and Kosten comment that as seen in equation (6.5) the 
fluid flow may not be in the direction of pressure gradient due to increase in the 
apparent inertia of the fluid which results from the vibration of the soUd matrix. 
Furthermore, Zwikker and Kosten showed that the "resistance constant" (= 1/k) 
depends on the frequency of oscillation of the fluid. Zwikker and Kosten consi­
dered only two dilatational waves by using the concept of impedance. Same 
concept was also emphasized by Beranek (1947). The problem was also studied 
by Morse (1952) under the simplifying assumption of "rigid-frame theory." Rigid-
frame theory assumes that the pore fluid is air, and the sohd matrix is considered 
rigid. With a rigid matrix, there is only one dilatational wave, and it travels through 
the air. Morse considers high frequency range when inertial effects dominate over 
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viscous ones. He finds that 2 . 0 < m < 3 . 4 . m = 2 corresponds to uniform grain 
size materials while m = 3.4 is for non-uniform granular porous media. 
If we rewrite equation (6.3) in one-dimension 
(6.6) d^p m d^i ) 1 nfif dp 
' [pf5w + ( l-5w)Pg]fcC^ar 
The wave velocity, V^, is given by 
c 1 1 
_[pf5w + ( l -5w)pJmi8"_ 
1/2 
(6.7) 
Misra (1965) and Misra and Monkmeyer (1966) assumed a plane, progressive 
harmonic wave solution for the fluid pressure as 
p(x,0=Po^^'^'^-^"^ (6.8) 
where r is the frequency, and j8 is the complex wave number. The imaginary part 
of /3 is the attenuation constant and the real part is the phase constant. Misra and 
Monkmeyer (1966) have shown that by using capillary tube modeUng of the porous 
medium, the steady state hydraulic conductivity, Ko (= kpfg/fif) is given by 
K. = '-^Sn^ (6.9) 
SfJifm 
where Ro is the radius of the capillary tube. During wave propagation, Ko is a 
function of Zo = Ro {r'^IVfY'^ where i;f is the kinematic viscosity. Misra and Monk­
meyer have shown that for low frequencies, i.e., small Zo (or low permeabilities) 
the hydraulic conductivity approaches its static value (i.e., K=Ko). For high 
frequencies (or high permeabiUties), the permeability is proportional to the struc­
ture factor, w. 
Geertsma (1974) defined the Reynolds number in terms of the "coefficient of 
inertial flow resistance" 
Re = ^ ^ ^ ^ (6.10) 
from the Forcheimer equation 
-^P = yq + XP^\q\-q (6.11) 
k 
where q is the specific discharge of fluid (i.e., q = n du/dt) and x is the coefficient 
of inertial flow resistance. A comparison with Biot equations show that x is similar 
to pi2 (or m). The Reynolds number as given by equation (6.10) describes the 
upper limit of Darcy's law. 
Smith and Greenkorn (1972) independently derived equation (6.3) and equation 
(6.9) for a saturated rigid porous medium, i.e., v^ = 0, 5 = 1. Smith et al. (1974a) 
presented experimental data obtained in nitrogen filled Ottawa sand to check the 
vaUdity of their theory. The results of Spooner (1971) and Smith and Greenhorn 
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(1972a) are quite similar. Smith et al. (1972b) extended the theory to transient 
pressure response. Their results show that inertial effects exist for short distances 
and high permeabilities. 
Turgut and Yamamoto (1990) studied attenuation of acoustic waves in fluid 
saturated sediments and obtained good agreement between the experimental and 
theoretical results. This enabled the remote estimation of porosity and perme-
abiUty of marine sediments by using measured compressional and shear wave 
characteristics. They were able to estimate the porosity distribution of a 3 x 3 m 
vertical plane by a cross-hole tomography experiment. Porosities are calculated 
from the compressional wave velocities which are inverted from measured travel 
times by using singular decomposition technique. 
7. Wave propagation in marine environments 
7.1 Response of porous beds to water waves 
When sea waves propagate over a porous bottom, they induce fluid flow in the 
medium and cause the bed to deform. In shallow waters, fluctuating wave pressures 
can generate high levels of energy resulting in soil failure and damage to structures 
such as pipelines and offshore terminals. Therefore, numerous investigations were 
carried out with various degrees of simplifications. Assumptions of a rigid bed 
and incompressible water leads to the Laplace equation in terms of pore pressure 
[V p^ = 0] (pressure waves), (e.g., Putnam, 1949; Reid and Kajiura, 1957; Oro-
veanu and Pascal, 1959; Sleath, 1970; Demars, 1983). Later, Moshagen and Torum 
(1975) introduced the compressibility of water, thus obtaining a diffusion type 
(parabolic) equation for the pore pressure. In contrast to Laplace equation, pore 
pressure response is highly affected by the permeability of the sea bed. Verruijt 
(1982) considered only standing waves in his analytical solution. Madsen (1978), 
Yamamoto et al. (1978), and Nataraja and Gill (1983) took into consideration the 
flow in the bed, compressibility of water and elastic bed in their formulation. 
Yamamoto et al. noted that even a very small amount of air trapped in the bed 
would increase the volume compressibiHty of water very drastically (Verruijt, 
1969). 
Po 
where j8 and j8o are the compressibility coefficient of water and pure water, 
respectively. 5^ is the degree of water saturation, po is the absolute pore pressure 
(taken as 1 atm by Yamamoto et al., 1978). 
Yamamoto and Takahashi (1983) estabhshed a Froude-Mach simihtude law for 
sea-seabed interaction. This law requires that three Mach numbers which are the 
ratios of water wave phase velocity to the velocities of the fast and slow com­
pressional waves and the shear waves in the seabed should be equal in the proto­
type and physical scale model in addition to the geometric similarity and the 
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Froude number squared which is the ratio of inertial to gravity force. In general, 
the Mach number is a ratio of inertial to elastic force and it is an indicator of the 
importance of compressibility effects in a fluid flow. When the Mach number 
is small, the associated inertial force does not cause significant compressibiUty. 
Yamamoto and Takahashi found that the response of sand beds to water waves 
is Unear and quasi-static. However, clay beds showed highly nonlinear and dynami­
cally amplified response. This conclusion enforces the concept of internal loss due 
to the Coulomb friction between clay particles which is independent of loading 
frequency (Yamamoto and Schuckman, 1984). Therefore, the representation of 
seabed as a "fluid-like" material (e.g., Dalrymple and Liu, 1978) is inadequate. 
In all these studies, the inertia term in the momentum balance equations were 
neglected. Although Massel (1976) included the inertia term in his equation, he 
concluded that the effect of permeabiUty on the pressure variation is negUgible, 
thus the governing equation gives results similar to that of the Laplape equation. 
Dalrymple and Lui (1982) extended Yamamoto's work to include the inertia term 
in the governing equations. They concluded that the inertial terms are important 
when a dimensionless parameter which is the ratio of the square of the wave speed 
for an elastic soUd to the water wave speed, is close to one. When this parameter 
is less than one (i.e., soft sediments), the soUd displacements and the shear stress, 
Txy, oscillate as they decay with depth. They further noted that pi2 has negligible 
effects on solutions. Later, Liu and Dalrymple (1984) employed the generalized 
Darcy's law with an acceleration term obtained by Dagan (1979), to describe the 
oscillatory flow in soil bed. Basak and Madhav (1978), WyUe (1976), Wiggert and 
WyUe (1976), and Auriault et al. (1985) also included the acceleration term in 
Darcy's law. The inclusion of inertial effects can also be achieved by using the 
Forchheimer equation (Finjord, 1990). 
Finn et al. (1982) reviewed the methods for estimating the response of seafloor 
to ocean waves and the determination of wave-induced pore pressures. Finn et al. 
have shown that transient pore pressures and the associated effective stress field 
may be investigated by Biot's (1941) theory of consolidation. We must note 
that by using this approach Finn et al. (1982) assume quasi-static (equilibrium) 
distribution of stresses. 
As noted in Section 4, Seed and his coworkers (e.g.. Seed and Rahman, 1978) 
introduced the concept of pore pressure generation under cycUc loading condition 
to investigate the response of seafloor sands subjected to storm wave loadings (see 
equation 4.1). Siddharthan (1987) combined this approach with that of Yamamoto 
and Madsen, to analyze the seafloor response to a storm wave group. Siddhartham 
found that for North Sea seafloor, the inclusion of inertia, damping and anisotropic 
permeabiUties is not important. However, the thickness and the stiffness properties 
of the sediment govern the response of the deposit. Thus, the seafloor displace­
ments are affected by residual pore pressures generated by waves. 
7.2. Mei and Foda's boundary layer theory 
Mei and Foda (1981) obtained a solution for Biot's equations for rapid water 
waves with high frequencies (i.e., ocean waves or seismic waves). Mei and Foda 
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has concluded that the region close to the porous medium surface is drained and 
pore pressures in that region are independent of the wave length. The depth of 
this zone of consolidation is smaller than the wave length. This region is treated 
as a boundary layer of Stokes' type with one-dimensional flow. The boundary 
layer concept agrees well with the Biot's conclusion for the waves of the second 
kind which have very short attenuation distances and the disturbance propagates 
in a form similar to diffusion. Outside the boundary layer, the porous medium 
reacts undrained and the fluid and the solid matrix move together. Mei and Foda 
(1981, 1982) have shown that by neglecting the grain compressibility (unjacketed 
compressibiUty) and the apparent mass (pu) from equation (2.28) and using elastic 
strain relation [equation (2.16)], they obtain 
aV, dp n\^. ^ 
dt dx A:* 
(7.1) 
Vx and Vx are the fluid and the soHd velocities, respectively. Note that Vx = 
dUx/dt and Vx = dUxIdt. By neglecting some parameters and eliminating V.u from 
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equation (2.25) by using equations (2.15) and (2.16) and inserting elastic stress-
strain relations, Mei and Foda obtained, 
. . . dVx daxx . dTxy , STXZ 
( l - n ) P s = + + 
dt dx dy dz dx A:* 
(7.2) 
Note that Mei and Foda's A:* is equal to Biot's k/fif Similar equations can be 
obtained in the y- and z-directions. The conservation of mass equations for the 
soUd and the fluid phases 
dt 
(7.3) 
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V.(nftF) + ^ ^ ^ = 0 (7.4) 
dt 
are combined to obtain (in x-direction) 
nV-(F - u) + V-u + - ^ = 0 (7.5) 
where j8 is the compressibiUty of water. Equation (7.5) has been obtained by 
various other researchers for the compressible groundwater aquifer problem (e.g., 
Bear and Corapcioglu, 1981). 
By adding equations (7.1) and (7.2), and using the Hooke's law, Mei and Foda 
obtained 
VV-u) - V -^ = npf —- + (l-n)ps —z 
l - 2 u dt dt^ dt^ 
G(V^v + v)      -—  l  - 7 (7.6) 
They eliminated (V - v) from equations (7.2) and (7.5) 
fc*V^/? = V-y + - ^ - A:*pf - (V-V) (7.7) 
pdt dt 
where G and v are the shear modulus and Poisson ratio, respectively. Mei and 
Foda spUt the stress field into the outer solution and the boundary layer correction. 
For outer solution V= v and the first and the last term of equation (7.7) is 
neglected since, the dimensionless parameter of pfo/L^/G is very small for the 
seismic wave length L = 100-500 m, seismic frequency a>=10rads"^ and 
(oL^/Gk"^ is very large. These parameters appear in equation (7.7) after a non-
dimensionalization is performed. The first one is the ratio of inertia to pressure 
(or stress) forces. The second is the ratio of Darcy's drag force to the pressure 
(or stress) gradient waves. Therefore the soUd dilatation V.v is directly related to 
the pore pressure change. Then, the velocity of compressional waves is 
2 _ Ae + 2G 
vi = Azpf + (1 - n)ps 
Ae is the effective Lame constant = A + j8/n where j8~^ is the compressibility of 
water. Shear waves propagate with a velocity of Vsi = G/[pfn + (1 - n)Ps]. For 
gravity waves at the sea with a> = 0.5 - 1 rads~\ L = 50-200 m same approxi­
mations can be made. In general, one can conclude that since the permeability of 
soils is small, at high frequencies, the fluid is resisted by viscosity and cannot have 
a significant velocity relative to soUd (Mei and Foda, 1982). But, near the mud 
line (free surface), fluid can drain, and relative velocity can not be neglected. Near 
the ground surface, vertical component of GV^v in equation (7.6) is dominant, and 
inertial terms in comparison are negligible. The boundary layer correction of the 
soUd velocity is irrotational which impHes that vertical velocities are much larger 
than the horizontal ones (Mei and Foda, 1981). In equation (7.7), the last term 
is neglected near the free surface, and it finally reduces to a diffusion equation in 
terms of p to be solved for the boundary layer correction. 
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B^p^ _ \n l - 2 t ; "I dp" Jl^JLl^^^ (7.8) 
" b 2G(l-t;)J - ^ ' dy^ Lj8 2 G ( l - y ) J dt 
The boundary layer thickness is determined from 
8.(4'V2 + ^ ^i^f" (7.8a) 
\(oJ \I3 2G{l-v)J ^ ^ 
As seen in equation (7.8a), the thickness of the boundary layer, 5, is very small 
for small permeabiUty, or high frequency, or large compressibility of water, or 
large compressibility of the solid matrix. Mei and Foda (1981) have calculated 8 
of various earth materials changing from 0.002 m for granite to 10 m for coarse 
sand for a> = 1 rad s~^. 
Solutions obtained for the boundary layer from the solution of equation (7.8) 
are added to the solutions obtained for the outer region. Using this approximation, 
Mei and Foda (1981) obtained solutions for progressive waves over a semi-infinite 
sea bed and a sea bed with finite thickness. In summary, Mei and Foda concluded 
that for many wave problems, the wave period is much smaller than the consolid­
ation time of soils which in general have low permeability. Thus the relative 
movement between the fluid and soUd is significant only near the free surface of 
the porous medium ("mudline"). Chen (1986) appHed Mei and Foda's (1981) 
boundary layer theory to study the effect of sediment on earthquake-induced 
reservoir hydrodynamic response. 
Rigid frame analysis of Morse (1952) was extended by Nolle et al. (1963) to 
allow the bulk modulus of the sand. Nolle et al. stated the equations of motion 
for solid matrix and fluid by 
- ( 1 - n) ^  = ft(l - n) ^  + biv, - y . ) 
dX dt 
-n^ = p,n^^b(V^-v^) (7.9) 
dX dt 
where v^ and V^ are the velocities of the soUd and the fluid, respectively [compare 
with equations (7.1) and (7.2) with (TXX = T^y = r^z = 0 due to rigidity of the 
matrix]. Nolle et al. expressed b by 
b = -ia>npf(Y - 1) + / iV* 
where ax is the angular (circular) frequency, Y is a constant (>1) used to calculate 
the effective porosity (=n/Y), and cr* is the specific flow resistance approximated 
by 
( 7 * = 
0.12nd 
where d is the average particle diameter. 
Equations (7.9) are solved simultaneously with an equation of continuity 
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- ^ = [ '- 1L ^ + (1 - „) ^ 1 (7.9a) 
dt ln/l3i + {l-n)/pjl dx dx ] 
where j8i and j8s are the bulk modules of the Uquid and the sand grains, respectively. 
o is the true density of the porous medium. By introducing j8s, Nolle et al. allowed 
a finite compressibiUty for the soUd while taking the elastic modulus of the skeleton 
to be zero. Equation (7.9a) can be compared with equations (6.2) and (7.5). 
7.3. Modifications of the boundary layer theory 
Later, Mynett and Mei (1983) appUed the boundary layer theory to study the 
propagation of earthquake induced Rayleigh waves. The outer region is divided 
into two regions. The far field is the region at a distance from the structure and 
the wave length is the characteristic length. The region around the structure is the 
near field and has the structural dimension as the characteristic length. In the near 
field, inertial terms are small. Further applications were also given by Mynett and 
Mei (1982) and Mei and Mynett (1983). 
In a later paper, Mei et al. (1985) included the convective component of the 
acceleration i.e., npfUdVx/dx in equation (7.1) and (1 - n)p^Udvjdx in equation 
(7.2), on the left hand side of respective equations (similar approach was also 
taken by Derski, 1978) and assumed dVJdt< UdVJdx and dvjbt< Udvjdx to 
study the dynamic response of the ground to an air pressure distribution moving 
along the surface at a constant speed U. These approximations were carried out 
for a steady-state linearization of governing equations. Similarly, in equation (7.5) 
the convective component Udp/dx was added to dp/dt, and assumed 
dp/dt< Udp/dx. The results were given for supersonic (U/Vc> UIV^> 1), sub­
sonic (1 > UIV^ > UIV^) and transonic {UIV^ > 1 > U/V,) loads. U/Vc and U/V, 
are Mach numbers for compressional and shear waves, respectively. 
7.4. Wave attenuation in marine sediments 
Attenuation of waves in saturated marine sediments is important in seismic 
studies of these sediments at low frequency range (1-100 Hz). Acoustic soundings 
are conducted at a much higher range (up to 100 KHz). The evaluation of the 
attenuation of acoustic waves of low ampUtude over relatively long distances has 
been a major interest in geophysics. To develop a unified theory over a wide range 
of frequencies, StoU and Bryan (1970) started with Biot's theory [equations (2.49) 
and (2.50)] to study the attenuation of dilational wave of the first kind. StoU and 
Bryan, by casting the parameters H, aM, and M of these equations in terms of 
bulk modulus of the discrete grains, the water, and the soHd matrix, and the 
shear modules of the matrix, demonstrated that attenuation is controlled by the 
inelasticity of the matrix at low frequencies, and by viscosity of the fluid at higher 
frequencies. Thus at low frequencies, there is a Unear dependence of attenuation 
on frequency, /. At high frequency, attenuation is controlled by / " where n first 
increases from one to two, and then gradually decreases. At very high frequencies, 
matrix losses are dominant again, thus causing n to increase. The definition of 
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"low" and "high" is a relative term depending on the material. As noted by StoU 
and Bryan, fluid losses dominate for granular materials like sand over most of the 
frequency range due to friction at contact points of grains. For materials like clays, 
losses are dominated by the soUd matrix. StoU and Bryan (1970) and Stoll (1974) 
used a functional form of frequency correction factor for high frequencies (Biot, 
1956b). 
F(K) = *^^^^ (7.10) 
^ ^ 4(1 - 2T{K)liK) ^ ^ 
where T{K) is given in terms of real and imaginary parts of the Kelvin function 
r(K) = ^5£M±iber>) ^^ ^^ ^ 
ber(/c) + /ber(/c) 
and K is defined by 
K = fl(^)" (7.12) 
where a is the pore size parameter (for circular pores, it is the radius) and o) is 
the angular frequency. For low frequencies F{K) approaches to unity. 
Stoll (1977) mentioned the significance of the dilatational waves of the second 
kind in multilayer systems where energy exchanges can occur at interfaces. Fiona 
(1980) has demonstrated the existence of these waves in saturated porous sintered 
glass. Stoll (1980) noted the non-linear dependence of acoustic properties on 
cychc strain amphtude and static stress level. In this study, Stoll developed a 
mathematical model based on the work of Biot (1956a). Stoll and Kan (1981) 
have shown the significance differences in the reflection of waves at a fluid-
sediment interface depending on the type of modehng used to represent the 
sediment i.e., viscoelastic soHd vs. water saturated porous viscoelastic matrix. A 
porous medium representation should be preferred for high permeabiHty sediments 
or high frequency sources. Factors affecting the dilatational wave velocity in 
marine sediment was also investigated by Brandt (1960) by employing his model. 
Brandt's (1955) model represented the marine and sediments as Uquid-saturated 
aggregate of spherical particles (distinct element model noted in Section 1). A 
correction factor incorporated the elasticity of pore fluid in an expression to 
calculate the wave velocity. 
McCann and McCann (1969) and Smith (1974) have observed disappearance 
of sohd friction for sediment grains finer than sand. For this type of sediment, the 
loss mechanism is entirely viscous. As the percentage of clay size particles in­
creases, the effect of relative motion decreases. Then, the frequency dependence 
becomes quite complex. For very fine grained high porosity sediments of deep 
oceans, the medium behaves like seawater in its response to frequency variations. 
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8. Application of mixture theory 
Treatment of particulate volume fraction as a constitutive variable in the mix­
ture theory formulation for a multiphase medium Uke porous materials was intro­
duced by Goodman and Cowin (1972) among others. AppUcation of mixture 
theory to analyze the wave propagation in a fluid-soUd mixture has received limited 
attention due to complexity of the theoretical exposition and difficulty in relating 
to practical problems. However, in the last few years, there are a number of 
papers providing a useful tool and an alternative to deal with wave propagation 
in porous media. A general treatment of the mixture theory is provided by Bowen 
(1976). 
Raats' pubhcations starting with Raats and Klute (1968) appear to be one of 
the first studies in this area. Raats has provided a framework for the construction 
of a mixture theory to study the balance of mass and momentum in porous media. 
Raats regarded the soil as a mixture of phases with an exchange of momentum 
taking place in the interfaces between them. Later, Raats (1969) presented an 
analysis of the propagation of sinusoidal pressure oscillations at a plane boundary 
into a structured porous medium. Pores of the medium have been classified into 
two: large and small pores. Raats has found that when the frequency of the 
oscillation is small, the heterogeneity of the medium is unnoticeable. Raats ex­
tended his analysis to include the effect of inertial forces into the jump conditions 
at the boundaries in addition to introducing an inertial force in the differential 
balance of forces. 
A mixture theory for shock loading of wet tuff was presented by Drumheller 
(1987). Drumheller's work was a generalization of Herrmann's (1968,1972) model. 
Drumheller considered an effective stress expression which corresponds to Biot 
and WiUis' (1957) work [equation (2.16)] rather than the original expression of 
Terzaghi [(equation (4.1a)]. According to the Drumheller's theory, dilatancy oc­
curs when the shear modulus is specified as a function of the porosity, and the n-
p function is universal for all saturation values. Later, Grady et al. (1986) did 
similar work for dry and water-saturated porous calcite. In earlier works, others, 
e.g., Garg (1971, 1987), Garg and Kirsch (1973), Morland (1972), and Sawicki 
and Morland (1985) presented models for a water-saturated porous medium. Their 
theories similar to that of Bedford and Drumheller's (1979) work, were based on 
the adaptation of general mixture theory. However, they did not consider intrinsic 
behavior of immiscible constituents. Garg and Nayfeh (1986) extended the mixture 
theory approach to unsaturated soils [see equations (5.6)-(5.8)]. 
Garg (1971) developed a formulation based on the theory of interacting conti-
nua for a mixture of a soUd and a fluid by defining effective stress and densities 
in terms of volume fractions of each phase, partial stresses and partial densities. 
Garg (1971) notes that the attenuation force (diffusive force as he called it) should 
be a function of partial pressures of each phase for large pressure gradients. 
Referring to Swift and Kiel (1962), he also suggested to have higher order terms of 
(u - U) for larger velocities. Later, Garg et al. (1975) generalized the constitutive 
relations of Garg (1971) and Morland (1972) to include thermodynamic effects. 
They solved the proposed model to study the shock wave propagation in tuff-
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water mixture. Their numerical results indicate an increase in pulse rise time with 
increasing permeability. 
Density variations in an inhomogeneous granular soUd were considered in a 
mixture theory formulation developed by Nunziato and Walsh (1977) based upon 
concepts developed by Goodman and Cowin (1972). Later, Nunziato et al. (1978) 
appUed their model to study one-dimensional wave propagation in an explosive 
material. 
Bowen (1976) considered the saturated porous medium as a binary mixture of 
a hnear elastic fluid and a Unear elastic sohd. Bowen and Reinicke (1978) stated 
four governing differential equations for displacements and temperatures of each 
phase, and they have shown that when there is momentum transfer between 
phases, there is only one mode of non-dispersive propagation in the low frequency 
range independent of the energy transfer. However, phase velocities and the 
attenuation coefficients depend on the presence of energy transfer between the 
phases. Thermal effects on wave propagation were also studied by Pecker and 
Deresiewicz (1973). Pecker and Deresiewicz have determined four distinct dila-
tational motions. The first two represent modifications of fast and slow waves (first 
and second P waves) at constant temperatures, and the other two are diffusion 
type modes similar to the thermal waves in a single-phase thermoplastic sohd. 
Jones and Nur (1983) have observed that shear velocity and attenuation decrease 
with increasing temperature at all pressures in a saturated rock. In frozen soils, 
wave attenuation from low-level impact was found to be exponential (Dutta et 
al., 1990). Later, Bowen (1982) extended his mixture theory analysis (Bowen, 
1980) to compressible porous media. Bowen compared his model to the one 
proposed by Biot (1962a). Bowen and Lockett (1982) have shown that long-
term inertial effects cannot be neglected under certain circumstances such as the 
occurrence of resonance displacements for a harmonically varying compression at 
some loading frequencies. Neglecting inertia does not predict this type of behavior. 
We should note that in long-term diffusion type slow processes, the inertia terms 
have been generally neglected. Inertia terms were considered important at small 
times. We refer to Zienkiewicz and Bettess (1982c) as an example of this type of 
work, (see Section 3.3). 
Katsube (1985) investigated Biot's constitutive relations by modifying Carroll's 
(1980) developments. Katsube and Carroll (1987) modified the mixture theory of 
Green and Naghdi (1965) and applied to porous media. They compared the 
resulting theory with Biot's theory and concluded that they are equivalent when 
fluid velocity gradients are ignored. Liu and Katsube (1990) predicted the existence 
of a second kind of a shear wave using the mixture theory of Crochet and Naghdi 
(1966). This wave is caused by the skew-symmetric portions of the partial stress 
tensors in the mixture theory of Crochet and Naghdi. Pride et. al. (1992) used 
local volume averaging technique in the derivation and argued that interaction 
torques caused by the skew-symmetrix portions should not be expected. 
Loret (1990) and, Loret and Pervost (1991) studied dynamic strain localization 
in saturated porous media. Boer et al. (1993) formulated the field equations 
assuming both fluid and sohd constituents are incompressible and obtained an 
analytical solution for transient wave propagation. 
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By employing the theory of mixtures and assuming that the mixture consists of 
two non-polar, incompressible constituents, Prevost (1980) obtained the conser­
vation of mass and momentum equations for the soHd and the fluid phases as 
— + ( l -n)V-u = 0 (8.1) 
dt 
V-[n(y-u)] + V-u = 0 (8.2) 
V-0-' - (1 - nyjp + n^pfk-\v - F) + (1 - n)p,b = (1 - n)p, — (8.3) 
dt 
npf{v - V): VV - nVp - n^pfk~^(v - F) + Pfnb = npf -^- (8.4) 
dt 
where ds/dt is the material derivative with respect to moving solid phase. In 
deriving these equations Prevost assumed that since there is no moment of momen­
tum supply between the two phases, the partial stress tensors for both phases are 
symmetric. It was also assumed that the fluid has no average shear viscosity. 
Later Prevost (1983, 1984, 1985) solved these equations by using a finite element 
technique. 
Hsieh and Yew (1973) accounted for the change in porosity in their mixture 
theory formulation by expressing the porosity, n as 
n = Wo + An (8.5) 
where /lo and vn are the initial porosity and small incremental change in porosity, 
respectively. Furthermore, the relationship among the pore fluid pressure, p, 
dilatation, e, and An is expressed by 
-p = G*€ - A^ *An (8.6) 
where coefficients Q* and A^ * which should be determined experimentally, do 
not correspond to Biot coefficients [see equation (2.16)]. Hsieh and Yew (1973) 
presented a numerical solution for the dilatational and rotational waves. 
As noted in Section 5, Berryman (1988) presented a mixture theory for unsatu­
rated porous media. Berryman pubhshed his theory in a series of papers which deal 
with different aspects of the problem such as inhomogeneity and normalization 
constraint (e.g., Berryman and Milton, 1985; Berryman, 1985). 
In Section 2.7, we noted that Biot's theory does not take into account the time-
dependent pore collapse of a porous matrix. However, dry porous materials, such 
as granular high energy soUd propellants, granular explosives, dry metal powders 
exhibit pore crushing and pore collapse. Carroll and Holt (1972) and Butcher et 
al. (1974) described a time-dependent pore collapse mechanism for porous alumi­
num. Baer and Nunziato (1986), Baer (1988), Gokhale and Krier (1982) and 
Powers et al. (1989) provided two-phase continuum mixture equations to describe 
the motion of a mixture of soHd particles and gas. These equations simulate the 
deflagration-to-detonation transition in a column of granular explosives. Powers 
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et al. (1989) stated these equations by neglecting the effects of diffusive momentum 
and energy transport, and the compaction work 
dpi^i ^ d{pi<t)iVi) ^ ^ 
dt dx 
dpi(f)iVi , d{pi^i + Pi(l)iVi) _ 
I _ J^. 
dt dx 
d_ 
dt 
Pi(i>i[ei + ~-
r V2 
dt dx 
d 
+ — 
dt 
pi^iUi\ei^- — + - \ = Q 
n — [P2- Pi - o-'i^h)] 
(8.7) 
(8.8) 
(8.9) 
(8.10) 
where pi is the density, pi is the pressure, et is the energy, u, is the velocity, di is 
the volume fraction for each phase (/ = 1 for the gas, / = 2 for the soUd). Equations 
(8.7)-(8.9) are the balance equations for mass, momentum and energy of each 
phase. Interphase transport is represented by Ai, Bi, and C, which are functions 
of other parameters such as densities, velocities, and pressures of each phase. By 
definition, the sum of each term is equal to zero, i.e., Ai-\- A2 = 0. Equation 
(8.10) similar to Butcher et al.'s (1974) pore collapse equation, is the "compaction 
equation" where rric is the "compaction viscosity" and s' is the intergranular stress 
expressed as a function of volume fraction. Different phases of compaction, i.e., 
elastic, plastic, would generate different s' expressions (Carroll and Holt, 1972). 
Substitution of equation (8.10) into equations (8.7)-(8.9) would yield hyperbolic 
equations (Baer and Nunziato, 1986). State expressions will express pi and ei in 
terms of (p,, T,) and (/?,, p,) respectively. T, is the phase temperature. By definition 
di-\- d2 = 1. Powers et al.'s (1987) model admits both subsonic and supersonic 
compaction waves. They have shown that when compaction waves travel faster 
than the ambient sound speed of the sohd, a shock preceding the compaction 
wave structure is expected. There was no leading shock for subsonic compaction 
waves. 
Beskos (1989) studied the dynamic behavior of fluid saturated fissured rocks. 
Beskos developed his model along the Unes of the theory of mixture formulation 
of Aifantis (1979) and, Wilson and Aifantis (1984) in a notational framework 
similar to the one employed by Vardoulakis and Beskos (1986). In companion 
papers, Beskos et al. (1989a, 1989b) studied the propagation of harmonic body 
and Rayleigh waves. Their analysis reveals the existence of three dilatational 
(compressional) waves and one rotational (shear) wave. The presence of fissures 
results in the appearance of an additional dilatational wave in a fissured porous 
medium. 
Another approach of formulating multiphase equations is local volume averag­
ing. This approach started after the development of the theorem for the local 
volume average of a gradient (Slattery, 1967; Anderson and Jackson, 1967; Whi-
taker, 1967). It has been recently appUed to wave propagation problems, de la 
Cruz and Spanos (1985) made the first attempt to rederive Biot's theory. In a later 
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paper, de la Cruz and Spanos (1989) extended their theory to include thermodyn-
amical coupling. Garg (1987) developed the complete set of balance laws for 
multiphase media. However, in all these works the main problem was the 
determination of the constitutive relations in terms of averaged variables. Re­
cently, Pride et al. (1992) rederived Biot's equations and obtained the same 
expressions for the coefficients in Biot's theory. An alternative approach of homo-
genization is the two-space method. It was first developed and studied by Sanchez-
Palancia (1980) and Keller (1977). It was applied to wave propagation by Burridge 
and Keller (1981), Levy (1979), and Auriault (1980, 1985). In principle both 
local volume averaging and two-space method yield the same results. However, 
apphcation of local volume averaging is simpler and enables physical interpreta­
tions of the averaged expressions. 
9. The use of macroscopic balance equations to obtain wave propagation equations 
in saturated porous media 
In this section we will develop the governing equations for wave propagation 
in a saturated compressible porous medium from the macroscopic momentum and 
mass balance equations for both the soUd matrix and fluid phase. The equations 
are written for an elastic solid matrix and a Newtonian compressible fluid that 
completely fills the void space. The constitutive equations for the elastic solid 
matrix are written in terms of the effective stresses. The resulting governing 
equations are in terms of fluid and soUd velocities, effective stresses, displace­
ments, fluid pressure, fluid density, and porosity. This approach has been pre­
sented by Bear and Corapcioglu (1989). 
We assume that the compressible porous medium is fully saturated by a single-
phase, single-component fluid. As a result of dynamic loading, stresses in the fluid 
change. This is accompanied by a corresponding change in the effective stresses 
in the soUd matrix. A change in effective stress produces the deformation of the 
porous medium. 
The approach we present in this chapter offers an alternative methodology to 
obtain the wave propagation equations. As opposed to Biot's approach which 
employs the kinetic energy density functions and dissipation energy functions, we 
state the conservation of momentum and mass equations to formulate the problem. 
9.1. Mass balance equations for the fluid and the solid matrix 
We start from the three-dimensional mass balance equation for a fluid that 
saturates a porous medium (e.g.. Bear and Corapcioglu, 1981) 
V-(Pfnyf) + ^ ^ ^ = 0 (9.1) 
dt 
where Vf is the mass-weighted velocity of the fluid, Pf is the density of the fluid, 
and n is the porosity of the medium. In deriving (9.1), we have neglected the 
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dispersive mass flux due to spatial variations in the fluid's density. Similarly, the 
balance equation for the soUd mass can be written as 
V . ( f t ( l - „ ) n ) + ^ ^ M ^ ^ ^ = 0 (9.2) 
dt 
where V^ is the mass-weighted velocity of the soUd due to deformation, ps is the 
density of the sohd. By introducing the definition of material derivative with 
respect to the moving soUd particles D^{ )/Dt, and assuming that the soUd's density 
is constant, equation (9.2) can be expressed by (Bear and Corapcioglu, 1981) 
1-n Dt ^ ^ 
The mass balance equation for the fluid phase can be rewritten in a different form 
by making use of equation (9.3) (Bear and Corapcioglu, 1981). 
PfV'n(Vf - K) + « ^ ^ + Pf — + PfnV'V, = 0 (9.3a) 
where Df( )IDt is the material derivative with respect to an observer moving with 
the fluid. 
9.2. Momentum balance equations for the fluid and solid phases 
Macroscopic momentum balance equations for the fluid can be obtained by 
neglecting certain dispersive terms in the averaging process, in the form (Bear 
and Bachmat, 1984) 
D,Vf 1 r 
Azpf^-^ = V-Ai(7-f + n p f f + — af.VfdS (9.4) 
Similarly, for the soUd matrix 
(1 - n)ps ^ = V.(l - n)o-s + (1 - n)p,F + — f a,.v, dS (9.5) 
where o-f and os are the stress tensors in the fluid and sohd phases, respectively, 
F is the body force per unit mass, equal to the gravitational acceleration g{= 
-gVz) where z is the vertical coordinate, Uo is the volume of a representative 
elementary volume, 5fs is the contact area between the soUd and fluid phases 
within the representative elementary volume and nf and Ws are the unit outward 
vectors on the interphase boundaries between them. The terms on the left hand 
side of equations (9.4) and (9.5) represent the inertial force per unit volume. The 
first two terms on the right hand side represent the stress and the body forces, 
respectively. The last terms in equations (9.4) and (9.5), represent the interfacial 
momentum transfer from the fluid phase to the sohd phase and vice-versa. Their 
sum should vanish. 
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By adding equations (9.4) and (9.5), we obtain the momentum balance equation 
for the porous medium as a whole 
npt ^ + (1 - n)p, ^ = VcT + [npt + (1 - n)p^]gVz (9.6) 
where a is the total stress tensor, expressed as 
cr = (l-n)c7-s + na-f (9.7) 
As we noted earUer each soUd grain is assumed incompressible. The total stress 
is related to the effective stress, a'^, and to the stress in the fluid, (jf, by 
o- = (1 - n)(a, - at) -\-(Tf= a',-\-a^ (9.8) 
In writing equation (9.8), we assume that soUd matrix deformation is caused only 
by the stress in the soUd matrix minus the isotropic effect of the fluid pressure 
surrounding each grain (e.g.. Bear, Corapcioglu and Balakrishna, 1984). In soil 
mechanics, a'^ corresponds to Terzaghi's definition of effective stress. When grain 
compressibiUty is taken into account, Verruijt (1984) has shown that 
(7 = 0-; + (1 - y)a-f (9.9) 
where y is the ratio between the sohd's compressibility and that of the soil. We 
shall assume that y<^ 1. 
Since Darcy's law expresses the mass weighted velocity of the fluid relative to 
the sohd 
n(Vf - K ) = nVr = - (Vp + p,gVz) (9.9a) 
It is convenient to rewrite equation (9.6) as 
npf ^ + [(1 - «)Ps + np,] ^ + [K:VK + V,:VV,]np, 
= V-cr + [(1 - n)p, + np,]gV'z (9.10) 
The stress in the fluid phase can be divided into two components, i.e., the 
viscous shear, Tf, and the average fluid pressure, p 
af=T,-pI (9.11) 
where / is the unit tensor. For a Newtonian compressible fluid, the constitutive 
equation takes the form 
Tf = PfiVVf + (VVf)^) + XfV'Vfl (9.12) 
where p^ and Af are the fluid's dynamic and bulk viscosities. For an incompressible 
Newtonian fluid, the second term on the right hand side can be neglected. 
Similarly, for an isotropic, perfectly elastic soUd matrix, the stress-strain relation­
ship for the solid matrix assumed to take the form 
a's = G(VW + (VWf) + W'WI (9.13) 
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where W is the displacement vector and G (shear modulus) and A are the Lame 
constants. Note that by definition 
D W 
Vs = ^  (9.13a) 
Equation (9.12) can be written for an incompressible Newtonian fluid in terms of 
the relative velocity as 
Tf = /Xf (VFr + (Wy + VFs + (VVsV) (9.14) 
The integral that expresses the momentum transfer from the solid to the fluid 
through their common surface, 5fs, per unit volume of porous medium can be 
expressed as 
— Tf.V{dS = 
^0 JSfs 
fJLfbf.nVr (9.15) 
where bf is a macroscopic coefficient representing the effect of the microscopic 
configuration of the 5fs surface. It is related to a shape factor and the hydraulic 
radius of the void space (Bear and Bachmat, 1984). The substitution of equations 
(11), (14) and (15) into equation (4) yields ?????? where the tortuosity, Tf is a 
second rank symmetric tensor which is related to the geometric features of the 
microscopic distribution of the fluid phase in the vicinity of a point (Bear and 
Bachmat, 1984). If we neglect the effect of internal viscous resistance to the flow 
in the fluid 
npf ^ - /tfV.{n(VK + (VVrV + VK + (VK)^)} 
+ Tf(Vp + pfgVz) + Pfbf.nV, (9.16) 
(i.e., V.ntf = 0), we obtain 
PfTi' ^ + ^P + PfS^z + npfK-W, = 0 (9.17) 
where K is the permeability of the porous medium 
K = nTfbf^ (9.18) 
The momentum balance equation for the saturated porous medium as a whole 
can be obtained from equation (6) by substituting equations (8) and (11) and by 
neglecting the effect of internal friction as 
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9,3. Complete set of equations 
If we summarize the complete set of three-dimensional governing equations in 
terms of Vf and Fg (note that Fr = Vf- Fs), we can Ust the following seventeen 
equations in a three dimensional system 
- one mass balance equation for the fluid, equation (9.1) or (9.3a) 
- one mass balance equation for the soUd, equation (9.2) or (9.3) 
- three momentum balance equations for the fluid, equation (9.17) 
- three momentum balance equations for the saturated porous medium, equation 
(9.19) 
- three equations defining the soUd's velocity, equation (9.13a) 
- six constitutive equations for an elastic soUd matrix, equation (9.13) 
for seventeen unknowns, i.e., three fluid velocities, Vf\ three sohd velocities, V^\ 
six effective stress components, o-g; three displacements, W; porosity, n; and pore 
fluid pressure, p. Note that so far, we assumed a constant fluid and solid particle 
densities. If we assume a compressible fluid, then we need an additional constitu­
tive equation to relate pftop. 
As noted by Bear and Corapcioglu (1989), some simplifications can be intro­
duced to the general formulation to show the derivation of various well-known 
equations. For example, if we neglect the inertial terms in equation (9.16), we 
obtain Darcy's law. Equilibrium equations satisfying the total stress field can be 
obtained from equation (9.19) by dropping the inertial terms. The resulting set of 
equations obtained by deleting the inertial terms in equations (9.17) and (9.19), 
constitutes the three-dimensional consoUdation model of Biot (1941). This 
corresponds to "very slow phenomena" where all acceleration forces can be neg­
lected (Zienkiewicz and Bettess, 1982c). "Very rapid phenomena" occur when 
the permeability becomes very small. Zienkiewicz and Bettess consider a case in 
which the acceleration in the fluid is neglected ("medium speed phenomena) (see 
Section 3.3). In this case, we define the fluid velocity Vf in terms of a fluid 
displacement Wf, Vf = dWf/dt by neglecting the convective term in the material 
derivative DfWf/Dt. 
10. Wave propagation in fractured porous media saturated by two immiscible fluids 
The single-porosity models are shown to be fairly successful to describe the 
behavior of porous materials. However, they are not suitable for fractured (or 
fissured) porous materials. In such systems, although most of the fluid mass is 
stored in the pores, the fracture permeability is much higher than the permeability 
of the pores. This leads to two distinct pressure fields: one in the fractures and 
the other in the pores. Barenblatt et al. (1960) appear to be the first researchers 
proposing a double-porosity model to represent naturally fractured porous media. 
A double-porosity model can be considered as a three phase system, i.e., soUd 
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phase, fluid phase in the pores and fluid phase in the fractures, with fluid mass 
exchange between the pores and fractures. 
Although flow in fractured porous media has been studied extensively (e.g., 
Barenblatt et al., 1960; Barenblatt, 1963; Bear and Berkowitz, 1987), there is 
limited work in deformable fractured porous media. Duguid and Lee (1977) 
considered incompressible soHd grains and used double-porosity concept in the 
formulation. They simpUfied the governing equations by neglecting solid displace­
ment from the flow equations and used the finite element method for numerical 
analysis. Aifantis and his co-workers published a series of papers on consoHdation 
of saturated fractured porous media (Wilson and Aifantis, 1982; Beskos and 
Aifantis, 1986; Khaled et al. 1984). The final set of equations is a direct generaliza­
tion of Biot's consoUdation theory. The phenomenological coefficients of the 
theory were expressed in terms of measurable quantities by Wilson and Aifantis 
(1982). Uniqueness and some general solutions were presented by Beskos and 
Aifantis (1986). Khaled et al. (1984) employed the finite element method to solve 
the governing equations for some practical problems. They reduced the number 
of coefficients from fifteen to nine by simply "physically motivated arguments". 
Wilson and Aifantis (1984) extended Aifantis' work and studied wave propagation 
in saturated fractured porous media without detailed derivations. Their analysis 
showed three compressional waves. Similar results were obtained by Beskos who 
pubUshed a series of papers on the dynamics of fissured rocks (Beskos, 1989; 
Beskos et al. 1989a; Beskos et al., 1989b). Beskos (1989) assumed that the medium 
is linearly elastic. However, the effect of fluid pressure on the deformation of 
matrix was not considered. Beskos connected this to the definition of partial 
stresses. But when we assume that there is no relative movement between soHd 
and fluid phases, Beskos' equation for the deformation of soUd phase uncouples 
from fluid pressures. Bear and Berkowitz (1987) suggested a set of constitutive 
relations to model quasi-static behavior of fractured porous media. They assumed 
that the changes in the volume fraction of pores and fractures are Unear functions 
of incremental pressures. 
Tuncay and Corapcioglu (1996a) presented a theory of wave propagation in 
fractured porous media based on the double-porosity concept. The macroscopic 
constitutive relations, and mass and momentum balance equations were obtained 
by volume averaging the micro-scale balance and constitutive equations and as­
suming small deformations. In micro-scale the grains were assumed to be linearly 
elastic and the fluids are Newtonian. Momentum transfer terms were expressed 
in terms of intrinsic and relative permeabiUties assuming the vaUdity of Darcy's 
law in fractured porous media. The macroscopic constitutive relations of elastic 
porous media saturated by one or two fluids and saturated fractured porous media 
were obtained from the constitutive relations they developed. The macroscopic 
constitutive relations contain the bulk modulus of the fractured porous medium, 
bulk modulus of the nonfractured medium, bulk modulus of the soHd grains and 
shear modulus of the sohd matrix. The capillary pressure effects were taken into 
account by assuming the vaUdity of the relationship between capillary pressure 
and saturation. The momentum transfer terms are expressed in terms of intrinsic 
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and relative permeabilities as a first order approximation. The final set of equations 
has an hyperbohc behavior with dissipation due to interaction terms. In the 
simplest case, the final set of governing equations reduce to Biot's equations 
containing the same parameters as of Biot and WiUis (1957). 
In their derivation, Tuncay and Corapcioglu (1996a) assumed immiscible fluid 
phases at rest. Furthermore, the solid phase is assumed to be isotropic, experienc­
ing small deformations and providing all shear resistance of the porous medium. 
Momentum transfer terms are expressed in terms of intrinsic and relative permea­
bilities assuming the vahdity of Darcy's law in fractured porous media. The theory 
is Umited to low frequency wave propagation. The medium is assumed to have 
fractures which are referred as secondary pores. The pores of the nonfractured 
part of the porous medium are referred as primary pores. The secondary pores 
are saturated by wetting fluid whereas the primary pores are saturated by wetting 
and non-wetting fluids. The mass transfer between the primary pores and secon­
dary pores per unit volume is approximated by (Tuncay and Corapcioglu, 1996b) 
— p2{u - V2)' n2dA = p2(u - Vf)' nfdA = Rp2(Pf - P2) (10.1) 
VjS2f VJsf2 
where i? is a material property of the porous medium and the wetting fluid, P2 
and Pf are the pressures in fluid phase 2 and phase / , respectively. From now on, 
subscripts s, 1, 2 and /wi l l refer to the soUd phase, non-wetting phase, wetting 
phase in the primary pores, and the fluid phase in the fractures, respectively. 
Barenblatt et al. (I960) proposed R as 
R = ^ ^ ^ (10.2) 
where A is the area of fracture-block contact per unit volume, c denotes a dimen-
sionless shape factor of the fractured medium and Kf is the permeability of the 
fractures. The macroscopic constitutive relations were obtained as 
«s''^ s = I «llV • Ws + t3!i2V • Wi + ^isV • U2 + ^MV • Wf + f - ^ —\MJI-\-
GJ^Us + {Vay-^V'U^ (10.3) 
« l A = «21 + «22V • MsV • Ui + fl23V • W2 + Cl24^ ' Wf + ( — - — )M (10.4) 
Vaf a2/ 
GtiPi = ^3iV • Us + «32V • Ml + flasV • U2 + a^^ • Wf + I - ^ — — \ M (10.5) 
Vaf a2/ 
cKfPf = a4iV • Ms + a4^ • Ml + (243V • U2 + a^ * Wf + ( ^^ — — \ M (10.6) 
\0Lf a2/ 
The reader is referred to Tuncay and Corapcioglu (1995a) for expressions of fly 
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in terms of material parameters: K^, bulk modulus of the solid grains; Kfr, bulk 
modulus of the fractured porous medium; Kf^., bulk modulus of the nonfractured 
porous medium; ai, volume fraction of phase /; Si, saturation of the non-wetting 
fluid phase; Ki, bulk modulus of the non-wetting fluid phase; K2, bulk modulus 
of the wetting fluid phase; PUp, derivative of the capillary pressure-saturation 
relation with respect to 5i; Gf r, shear modulus of the soHd matrix and F, a material 
propertiy associated with the changes in volume fraction of fractures. M is given 
by 
— = R(P,-P^) (10.7) 
dt 
We note that p2 dM/dt is equal to the mass transfer rate of wetting fluid phase 
between the primary pores and fractures. The volume averaged momentum bal­
ance equations are obtained as 
dt^ \\ 3 <Ps) ^ rr = ^( (^11 + ~ )v • Ws + fli2V • ui + flisV • U2 + ^MV • Uf 
+ f — - —)M] + V . (Gf rVws) + CiCui - V,) 
+ C2(p2 - Us) + CsCuf - Us) (10.8) 
<Pl) ~ = V( a2iV ' Us + a22^ • Ul + «23V • U2 + a24^ ' Uf 
dt \ 
+ ( ^ - ^ ) M ) - C,(v^ - V.) (10.9) 
\ a f a2/ I 
/ V ^U2 ^l ^ - ^ - ^ - ^ /^34 ^ 3 3 \ , A 
<P2) ; - = V ^31V • Ws + «32V • Ux + ^33V • U2 + a^,^ • Wf + M 
ar \ Vaf a2/ / 
- Ci{v2 - Os) (10.10) 
(Pf) -^ = V( fl4iV • Us + ^42^ • Ml + «43V • U2 + fl44V * Mf + ( - ^ ^ 1 ^ I 
dt^ \ \af a2/ J 
(10.11) 
(10.12) 
(10.13) 
lere 
C2 = 
_ ( 1 -
_ ( 1 -
- C3iVt - Us) 
- as - UffSlfLi 
Kpkrl 
- as - aO'(l - S^f 
Kpk,2 
> 2 
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Cs = ^  (10.14) 
In equations (10.13)-(10.14), Kp is the intrinsic permeability of the nonfractured 
porous medium and k^i is the relative permeabiUty of phase /, Kf is the intrinsic 
permeabiUty of the fractures and fii is the viscosity of phase i. Equations (10.5)-
(10.11) form the final set of fifteen equations with fifteen unknowns Ws, Wi, W2, 
Wf, Pf, P2 and M (twelve displacements, two pressures and M). 
10.1. Compressional waves 
To investigate compressional waves, we apply divergence to equations (10.8)-
(10.11) to obtain 
<Ps) ^  = af^V\ + ar2V'e, + ^laV^e^ + a^,V% + ( ^ - ^ ) v ^ M 
dr \af a^l 
(Pi) ^  = «2iV^es + t?22V^6i + «23V^€2 + a2^^e^ 
dr 
+ (^_^yM-cY^-^) (10.16) 
9^ 
+ (£34 _ a33\v2^ _ c i ^ _ ^ ) (10.17) 
Vaj 02 / \dt dtJ 
(pt) 7 = «4lV^€s + fl42V^€i + fl43V^e2 + a44V^€f 
where ej = V • MJ and afi = an + 4Gfr/3. We state the dilatational plane harmonic 
waves propagating along the z direction by 
M = B^e'^^'-"'^ 
Pp = ^pe'(«--') (10-19) 
where Bj, 5 ^ , Af and Ap are the wave ampUtudes, ^ is the wave number, co is 
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the frequency and / is the imaginary number. The phase velocity is defined as c = 
a>/fr where r^ is the real part of the wave number. The imaginary part of ^ is 
called the attenuation coefficient. Substitution of equation (10.19) in equations 
(10.5)-(10.11) yields a set of homogeneous algebraic equations and for non-trivial 
solution the determinant of the coefficient matrix must be equal to zero. The 
reader is referred to Corapcioglu and Tuncay (1996b) for an expression of the 
coefficient matrix. For a given w, the determinant of the coefficient matrix equates 
to zero, and is known as the "dispersion equation" in wave mechanics Uterature. 
It is an eighth order polynomial in terms of wave number. The polynomial contains 
only the even powers of the wave number. Because the ampUtude of the waves 
should decrease as they propagate, imaginary part of the wave number must be 
greater than zero. This impUes the existence of four compressional waves. When 
M = 0, i.e., no mass exchange between the porous blocks and fractures, the 
number of unknowns reduce to twelve (Ws, Wi, U2 and Uf) and the coefficient 
matrix reduces to a four by four matrix. 
10.2. Rotational waves 
To investigate the rotational waves, we apply curl operator to equations (10.8)-
(10.11) 
(10.20) 
where ftj = V x MJ . 
10.3. Results 
Tuncay and Corapcioglu (1996b) solved the governing equations in terms of 
wave number for a given frequency. The phase velocity is defined as c = co/^ r 
where r^ is the real part of the wave number. The imaginary part of ^ is called 
the attenuation coefficient. Van Genuchten's (1980) closed form expressions for 
the capillary pressure-saturation relations are employed to obtain Pcap which 
appear in ay expressions. Van Genuchten proposed that 
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n. —m 
^^ ^r^^L^I^Po^x ] (10 24) 
5^2 -S,2 \ \ 100 
where Pcap is the capillary pressure (N/m^), S2 is the water saturation, 8^2 is the 
irreducible water saturation, 5ni2 is the upper limit of water saturation, m = \ — \ln, 
and a and n are parameters. 
From now on, we represent the compressional waves by ' T " and rotational 
wave by "5" . Since there are four compressional waves, we will number them 
according to the magnitude of their phase velocity, PI being the fastest. Tuncay 
and Corapcioglu showed the existence of four compressional and one rotational 
waves. The fastest wave (PI) is analogous to Biot's fast wave. The second wave 
(P2) arises because of the fluid phase in the fractures and it vanishes when the 
medium is not fractured. The third compressional wave (P3) corresponds to the 
slow wave of Biot's theory. The fourth compressional wave (P4) is due to the 
second fluid phase (non-wetting fluid) in the primary pores. The second, third and 
fourth compressional waves disappear when the frequency approaches zero and 
are associated with diffusive-type processes i.e., highly attenuated. The rotational 
wave (5) is analogous to the rotational wave in elastic soUds. All waves are 
dispersed and attenuated. Especially, the second, third and fourth compressional 
waves are highly attenuated. Because of the high attenuation, an experimental 
confirmation of these waves can be very difficult. Tuncay and Corapcioglu (1996b) 
numerically examined the frequency, saturation, volume fraction of fractures de­
pendence of phase velocity and attenuation coefficient of body waves. The third 
and fourth compressional waves do not depend on the volume fraction of fractures. 
The phase velocities of the first compressional and rotational waves sUghtly change 
due to the volume fraction of fractures. However, Tuncay and Corapcioglu (1996b) 
observed a change in the order of magnitude of the attenuation coefficients of the 
first compressional and rotational waves due to the presence of the fractures. This 
can be explained by the high intrinsic permeability of the fractures. 
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